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We study the physics of singular limits of G2 compactifications of M-theory, which are neces-
sary to obtain a compactification with non-abelian gauge symmetry or massless charged particles.
This is more difficult than for Calabi-Yau compactifications, due to the absence of calibrated two-
cycles that would have allowed for direct control of W-boson masses as a function of moduli.
Instead, we study the relationship between gauge enhancement and singular limits in G2 moduli
space where an associative or coassociative submanifold shrinks to zero size; this involves the
physics of topological defects and sometimes gives indirect control over particle masses, even
though they are not BPS. We show how a lemma of Joyce associates the class of a three-cycle to
any U(1) gauge theory in a smooth G2 compactification. If there is an appropriate associative
submanifold in this class then in the limit of nonabelian gauge symmetry it may be interpreted
as a gauge theory worldvolume and provides the location of the singularities associated with non-
abelian gauge or matter fields. We identify a number of gauge enhancement scenarios related to
calibrated submanifolds, including Coulomb branches and non-isolated conifolds, and also study
examples that realize them.
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1 Introduction
M-theory compactifications to four dimensions are of fundamental physical interest. Since the
weakly coupled superstring theories can be obtained as limits of M-theory [1–3], it is reasonable
to expect that M-theory compactifications give a broad view of the four-dimensional landscape.
However, detailed progress has historically been limited by both our primitive understanding of
M-theory and also a lack of control over the relevant seven-manifolds, which are chosen to have
G2 holonomy in order to preserve N = 1 supersymmetry in four dimensions [4].
Seven-manifolds with G2 holonomy, which we shall simply refer to as G2 manifolds, are no-
toriously difficult to construct, in part due to the lack of an analog of Yau’s theorem that might
provide a topological criterion sufficient for the existence of a G2 metric. Additionally, they
are real manifolds and therefore cannot be described directly using the techniques of complex
algebraic geometry. The first compact G2 manifolds were constructed by Joyce [5, 6] by resolv-
ing singularities on orbifolds; another construction was subsequently discovered by Kovalev [7]
utilizing “twisted connected sums.” In recent years, there has been much progress [8, 9] in us-
ing generalizations of Kovalev’s construction to produce large classes of compact G2 manifolds.
For example, [10] identified fifty million appropriate “matching pairs” of asymptotically cylin-
drical Calabi-Yau threefolds that can be used to construct compact G2 manifolds; perhaps this
should be compared to the five hundred million reflexive polytopes that can be used to construct
Calabi-Yau threefolds. See [11] for a recent study of M-theory on twisted connected sum G2
manifolds.
Encouraged by this significant mathematical progress, we will study some interesting open
questions concerning G2 compactifications of M-theory. Our aims are twofold. First, as the
number of compact examples has grown we will study the physics ofG2 compactifications utilizing
objects that are natural in global compactifications, rather than relying on local descriptions.
Second, since M-theory on a smooth G2 manifold can realize at most an abelian gauge sector
without massless charged matter, we will study various limits in moduli space that may give rise
to non-abelian gauge enhancement or massless charged matter. In such limits, the G2 manifold
X must develop singularities. The non-abelian gauge group is determined by the structure of
singularities in codimension four while the non-chiral and chiral matter spectra are determined by
codimension six and seven singularities, respectively. We note that there is an extensive literature
on this topic, particularly in the local case, including early non-compact work on singularities
and gauge enhancement [12–14], the relationship to anomaly cancellation [15], the study of
metrics with G2 holonomy including singular limits [16, 17], uplifts from chiral type IIa models
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with intersecting D6-branes [18,19], brane probes [20] and fibrations [21], the physical structure
of singularities ( [22] and references therein), a G2-motivated extension of the MSSM [23] and
related phenomenological models [24].
Regarding gauge enhancement, there are critical differences between G2 and Calabi-Yau com-
pactifications of M-theory; namely, the method typically utilized to study gauge enhancement
in Calabi-Yau compactifications cannot be applied directly in the case of G2 compactifications.
That method is to choose a smooth manifold in which the mass of W-bosons is determined
by the volume of particular two-cycles and then to take a limit in the moduli space such that
the two-cycles shrink to zero volume and gauge enhancement occurs. The method is reliable for
Calabi-Yau compactification because the Ka¨hler form calibrates two-cycles, and thus the volumes
of holomorphic curves (which determine W-boson masses) can be reliably computed as functions
of the Ka¨hler moduli. Physically, this correlates with the fact that Calabi-Yau compactifications
of M-theory have BPS particles. In contrast, there is no calibration form for two-cycles in a G2
manifold and there are no BPS particles in G2 compactifications of M-theory, and therefore one
must find other means to study gauge enhancement. This is the subject of the current paper.1
Earlier studies of gauge enhancement [12–14] used a weak coupling limit which geometrically
corresponds to making the volume of the singular locus large; this is difficult to control in G2
moduli space. Our approach will be to study gauge enhancement via limits in G2 moduli space
in which an associative threefold or coassociative fourfold shrinks to zero size. These limits are
closely related to the physics of domain walls, instantons, and strings obtained from wrapped
M-branes, but we will also see in some scenarios that they are related to charged matter. We
will show that a lemma of Joyce determines the class of a three-cycle for any U(1) gauge theory
in a smooth G2 compactification and that, if this class is realized by a submanifold satisfying
some additional assumptions, then in the limit of nonabelian gauge symmetry it is natural
to interpret the submanifold as the location of the gauge theory worldvolume. (Instantons
and ’t Hooft-Polyakov monopoles play an interesting role in this analysis.) In such a case the
submanifold provides a useful guide for gauge enhancement, since the appearance of singularities
in or along it may correspond to the appearance of massless charged particle states. We will
also identify a number of different scenarios in which it is possible to control charged particle
masses indirectly via calibrated submanifolds, and also discuss the physics of defects (such as
BPS strings) associated with symmetry breaking.
1For an earlier analysis of another situation in which BPS particles do not control gauge enhancement, see [25].
In that case, BPS strings provided the confining flux tubes emanating from magnetically charged states. For
Calabi-Yau cases in which gauge enhancement occurs when two-cycles collapse due to movement in complex
structure moduli, rather than Ka¨hler moduli, see [26–28].
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We begin in section 2 by reviewing elements of smooth G2 compactifications of M-theory. In
section 3 we discuss the parameter space of G2 manifold structures (up to diffeomorphism) on a
fixed differentiable manifold and make a natural proposal concerning its boundary. In section 4 we
will study gauge enhancement broadly in G2 compactifications, discussing associated topological
defects and singular limits. BPS defects can be studied as functions of moduli since they are
obtained by wrapping M2-branes and M5-branes on calibrated submanifolds; a natural singular
limit of X is to tune the volume of these cycles to zero. Additionally, there is a moduli-dependent
inequality due to Joyce that determines the class of a non-trivial three-cycle that is useful for
thinking about non-abelian gauge enhancement. We will use these ideas in section 5 to study
the physics of a number of different scenarios, including Coulomb branches (associated to the
breaking of a non-abelian group by an adjoint chiral multiplet) and also conifold transitions.
Finally, in section 6 we will apply these techniques to concrete examples and see the appearance
of some well-known defects that appear in broken gauge theories, for example the ’t Hooft-
Polyakov monopole [29, 30].
2 Compactifications of M-theory on G2 Manifolds
In this section we will review elementary facts about Kaluza-Klein reduction of eleven dimensional
supergravity on seven manifolds with G2 holonomy.
G2 Manifolds
First, let us review some basic facts about G2 manifolds. See [9, 31] for further details.
A G2-structure on a seven-manifold X is a principal subbundle of the frame bundle of X
which has structure group G2. Practically, each G2 structure gives rise to a three-form Φ and a
metric gΦ such that every tangent space of X admits an isomorphism with R
7 which identifies
gΦ with g0 ≡ dx21 + · · ·+ dx27 and identifies Φ with
Φ0 = dx123 + dx145 + dx167 + dx246 − dx257 − dx347 − dx356, (2.1)
where dxijk ≡ dxi ∧ dxj ∧ dxk. Note that the subgroup of GL(7,R) which preserves Φ0 is the
exceptional compact Lie group G2. The three-form Φ, sometimes called the G2-form, determines
an orientation, a Riemannian metric gΦ, and a Hodge star
2 operator ⋆Φ. We will refer to the
pair (Φ, gΦ) as a G2-structure.
2For the four- and eleven-dimensional Hodge star, we will use ⋆4 and ⋆11, respectively.
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For a seven-manifold X with a G2-structure (Φ, gΦ) and associated Levi-Civita connection
∇, the torsion of the G2-structure is ∇Φ, and when ∇Φ = 0 the G2 structure is said to be
torsion-free. The following are equivalent:
• Hol(gΦ) ⊆ G2
• ∇Φ = 0, and
• dΦ = d ⋆Φ Φ = 0.
The triple (X,Φ, gΦ) is called a G2-manifold if (Φ, gΦ) is a torsion-free G2-structure on X . Then
by the above equivalence, the metric gΦ has Hol(gΦ) ⊆ G2 and gΦ is Ricci-flat. For a compact
G2-manifold X , Hol(gΦ) = G2 if and only if π1(X) is finite [6]. In this case the moduli space of
metrics with holonomy G2 is a smooth manifold of dimension b3(X).
We assume for simplicity that the cohomology of X is torsion-free. Let us set the notation
we will use for classical intersection numbers. We take Poincare´ dual integral cohomology bases
σI ∈ H2(X,Z) and σ˜I ∈ H5(X,Z) and corresponding dual homology bases ΣI ∈ H2(X,Z) and
Σ˜I ∈ H5(X,Z). These satisfy∫
X
σI ∧ σ˜J = Σ˜I · ΣJ = δJI = σI(ΣJ ) = σ˜J(Σ˜I). (2.2)
Similarly, we take Poincare´ dual integral cohomology bases Φi ∈ H3(X,Z) and Φ˜i ∈ H4(X,Z),
along with the corresponding dual homology bases T i ∈ H3(X,Z) and T˜i ∈ H4(X,Z). These
satisfy ∫
X
Φi ∧ Φ˜j = T˜i · T j = δji = Φi(T j) = Φ˜j(T˜i). (2.3)
We use capital Latin indices for two-forms, five-forms, two-cycles, and five-cycles; similarly,
we use lower case Latin indices for three-forms, four-forms, three-cycles, and four-cycles. The
classical intersection numbers in a simply-connected G2 manifold are
CIJk ≡
∫
X
σI ∧ σJ ∧ Φk = Σ˜I · Σ˜J · T˜k (2.4)
and, as one would expect, these numbers play a critical role in determining the physics of the
four-dimensional N = 1 compactification.
Since X is a manifold with G2 structure, vectors and differential forms on X fall into G2-
representations. The decomposition of forms into G2 representations extends to cohomology [32]:
H2(X,R) = H27 ⊕H214
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H3(X,R) = H31 ⊕H37 ⊕H327 (2.5)
where the summands are defined as3
H27 = {⋆(α ∧ ⋆Φ) | α ∈ H1(X,R)}
= {σ ∈ H2(X,R) | ⋆ (σ ∧ φ) = 2σ}
H214 = {σ ∈ H2(X,R) | ⋆ (σ ∧ φ) = −σ}
H31 = {rΦ | r ∈ R}
H37 = {⋆(α ∧ Φ) | α ∈ H1(X,R)}
H327 = {α ∈ H3(X,R) | α ∧ Φ = 0 and α ∧ ⋆Φ = 0}. (2.6)
It will be important for us that if X has holonomy exactly G2, instead of simply being a manifold
with G2 structure, then H
2
7 is empty and therefore H
2(X,R) = H214.
This last observation is useful for the following reason. Consider any harmonic two-form σ.
Then we have [32]
⋆Φ σ = −σ ∧ Φ. (2.7)
This is a nice relation; the Hodge star ⋆Φ explicitly depends on the metric, but this dependence
is encoded in a simple way in the metric moduli. Therefore, anywhere the Hodge star of a two-
form appears in a Kaluza-Klein reduction, the moduli dependence implicit in ⋆Φ can be encoded
directly in terms of Φ. For example for harmonic two-forms σ1 and σ2,
∫
σ1 ∧ ⋆Φσ2 = −
∫
σ1 ∧ σ2 ∧ Φ = −
∫
(s1I σI) ∧ (s2J ∧ σJ) ∧ (φk Φk) = −s1Is2Jφk CIJk. (2.8)
Expressions of this form determine the structure of abelian gauge coupling functions and kinetic
mixings obtained from Kaluza-Klein reduction, for example.
Calibrated Geometry for G2 Manifolds
In both the Calabi-Yau and G2 manifold cases, we lack explicit knowledge of the metric.
However, in both cases, the volumes of certain cycles in this metric can be computed via calibrated
geometry as developed in the seminal work of Harvey and Lawson [33]. Their fundamental
observation is the following. Let X be a Riemannian manifold and α a closed p-form such that
α|ξ ≤ volξ for all oriented tangent p-planes ξ on X . Then any compact oriented p-dimensional
3Since this section is devoted to descriptions in cohomology rather than specific forms, we suppress the de-
pendence of ⋆ on the G2 form.
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submanifold T of X with the property that α|T = volT is a minimum volume representative of
its homology class, that is
vol(T ) =
∫
T
α =
∫
T ′
α ≤ vol(T ′) (2.9)
for any T ′ such that [T − T ′] = 0 in Hp(X,R). Note in particular the useful fact that vol(T ) is
computed precisely by
∫
T
α, even though one may not know the metric on X explicitly.
If X is a Calabi-Yau threefold, the Ka¨hler form J , the holomorphic three-form Ω, and the
square of the Ka¨hler form J ∧ J are calibration forms for two-cycles, three-cycles, and four-
cycles; they calibrate holomorphic curves, special Lagrangian submanifolds, and holomorphic
divisors. Note that, in M-theory compactifications on X the presence of calibrated two-cycles
allows for control over massive charged particle states obtained from wrapped M2-branes [34].
This computes particle masses as a function of moduli.
If X is a G2 manifold, Φ and ⋆ΦΦ are calibration forms which calibrate so-called associative
three-cycles and coassociative four-cycles, respectively. As we will discuss, this allows for control
over topological defects obtained from wrapping M2-branes and M5-branes on calibrated three-
cycles and four-cycles; these are instantons, domain walls, and strings. Note the absence of
calibrated two-cycles, however.
Elements of Kaluza-Klein Reduction
While we do not aim to be exhaustive, we would like to briefly review certain aspects of the
Kaluza-Klein reduction of eleven dimensional supergravity on X , pioneered in [4]. We ignore the
α′ corrections, which have been considered recently [35–37].
Consider a compactification of M-theory on a smooth G2 manifold X at large volume, where
the metric of X is determined by a torsion-free G2 form Φ ∈ H3(X), and Ψ ≡ ⋆ΦΦ is the dual
four-form. This gives rise to a four-dimensional N = 1 effective theory, which can be obtained
via Kaluza-Klein reduction of 11-dimensional supergravity. In order to perform this reduction,
we expand the M-theory three-form C3 as
C3 = AI ∧ σI + θi ∧ Φi, (2.10)
where the AI are four-dimensional abelian vector potentials and the θi are pseudo-scalars in
four-dimensions. The latter, together with the scalars obtained from reduction of metric moduli
via the G2-form Φ, form complex scalars that sit in chiral multiplets. Similarly, the dual six-form
can be expanded as
C6 = A˜
I ∧ σ˜I +Bi ∧ Φ˜i, (2.11)
8
where A˜I are the dual magnetic vector potentials upon reduction to four dimensions and the Bi
are two-forms which are four-dimensional Hodge duals of the θ, i.e. dθ = ⋆4 dB. We call them B
i
rather than θ˜i to align conventions with the weakly coupled type II superstring literature, where
such two-forms B give rise to the
∫
d4xB ∧ F type Stu¨ckelberg couplings critical for anomaly
cancellation via the Green-Schwarz mechanism. In summary, the supergravity sector of M-theory
on X gives rise to b3(X) neutral chiral multiplets and b2(X) U(1) vector multiplets.
The bosonic part of the eleven-dimensional supergravity action is given by
S =
1
2κ211
(∫
d11x
√−g (R− 1
2
|G4|2)− 1
6
∫
C3 ∧G4 ∧G4
)
(2.12)
where G4 is the field strength of the M-theory three-form. The Chern-Simons term gives rise to
abelian θ-terms in the four-dimensional action
S4d,theta = − 1
12κ211
CiJK
∫
θi FJ ∧ FK . (2.13)
The kinetic term for the M-theory three-form gives rise to kinetic terms for the four-dimensional
gauge fields. Generically in a four-dimensional N = 1 supergravity theory these are of the form
S4d,kinetic = −1
4
Re fJK(Φ)
∫
FJ ∧ ⋆4FK (2.14)
where the prefactor fJK is the gauge coupling function. These kinetic terms arise from the∫
G4∧ ⋆11G4 terms in (2.12) and their dependence on G2 takes the form
∫
X
σJ ∧ ⋆ΦσK which can
be rewritten in terms of G2 moduli using the property ⋆Φσ = −σ∧Φ characteristic of H214(X,Z).
We will use this moduli dependence in the following.
Alternatively, a different Lagrangian for eleven-dimensional supergravity arises if different
mass dimensions are chosen for the three-form field in the theory. Following [38], taking 2κ211 =
l911/2π, C˜3 = C3/l
3
11 = C3/(4πκ
2
11)
1/3, and associated field strength G˜4 the action is
S11 = 2π
(
1
l911
∫
d11x
√−gR− 1
2l311
∫
d11x |G˜4|2 − 1
6
∫
d11x C˜3 ∧ G˜4 ∧ G˜4
)
. (2.15)
Of course, changing the mass dimensions in this way affects the induced mass dimensions of
four-dimensional fields upon compactification, and therefore also the mass dimensions of the
four-dimensional coupling constants. We note this alternate form of the action since it gives rise
to canonical mass dimensions for four-dimensional coupling constants, such as a dimensionless
gauge coupling.
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3 The Boundary of the Moduli Space
In this section we will review what is known about the boundary of the Ka¨hler moduli space
of Calabi–Yau threefolds, and point out analogies with the moduli space of G2 metrics on a
fixed differentiable manifold. We identify limits in the moduli space that necessarily lead to
singularities, and speculate that all such limits take this general form. In the case of Calabi–Yau
threefolds, thanks to the theorems of Calabi [39] and Yau [40], the Ka¨hler moduli space can be
identified with a subset of the second cohomology group, which in fact forms a cone.
According to Wilson [41], the Ka¨hler cone of a Calabi–Yau threefold Z is completely deter-
mined by three conditions on the Ka¨hler form ω:
(1) a topological condition:
∫
Z
ω ∧ ω ∧ ω > 0, (3.1)
(2) a characteristic class condition:
∫
Z
p1(Z) ∧ ω < 0, and (3.2)
(3) two calibrated cycle conditions:
for every effective algebraic curve C,
∫
C
ω > 0, and (3.3)
for every effective algebraic surface S,
∫
S
⋆ ω > 0. (3.4)
The characteristic class condition [42] is usually stated in terms of c2(Z) = −12p1(Z) rather than
p1(Z), and the condition on surfaces, which is normally written in the form
∫
S
ω∧ω > 0 [43,44],
is usually omitted entirely since it follows from the condition on curves [45].
As Wilson further explains, except for the theoretical possibility of a curved part of the
boundary of the cone (for which no examples are known), the boundaries of the cone either
correspond to curves or divisors that collapse to lower dimension as the boundary is approached,
or correspond to fibrations by elliptic curves or K3 surfaces where the fibers collapse at the
boundary. When the Ka¨hler cone is complexified, the codimension one boundary components
become divisors on the boundary of the moduli space, and the complexified cone itself becomes
a neighborhood of an point of intersection of such divisors [46].
By mirror symmetry, a similar structure holds near large complex structure limit points in
the complex structure moduli space. Such a point will be the intersection of divisors along
which singularities are acquired via variation of complex structure; for such singularities, there
are always “vanishing cycles,” which are 3-cycles whose volume goes to zero at the divisor.
Although we do not have mathematical results which guarantee that those 3-cycles will have
special Lagrangian representatives, by mirror symmetry, they must (since they are mirrors of
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calibrated cycles, i.e., the algebraic cycles on the mirror which collapse). We thus see a very
similar structure for complex moduli.
We propose here an analogous structure for the parameter space of G2 manifold structures
up to diffeomorphism-isotopic-to-the-identity on a fixed differentiable manifold X . By a result
of Joyce [5, Theorem C], by associating the cohomology class [Φ] to each G2-manifold structure,
we can identify this parameter space with an open subset of H3(X,R).
According to Joyce [6, Lemma 1.1.2] and Harvey-Lawson [33], there are three conditions
which such a the cohomology class of a G2 form Φ must satisfy:
(1) a topological condition:
∫
X
σ ∧ σ ∧ Φ < 0 for every σ ∈ H2(X,R), (3.5)
(2) a characteristic class condition:
∫
X
p1(X) ∧ Φ < 0, or more generally,4 for any bundle
(3.6)
E admitting a “G2-instanton” [48, 49],
∫
X
p1(E) ∧ Φ < 0, and (3.7)
(3) two calibrated cycle conditions:5
for every associative cycle A,
∫
A
Φ > 0, and (3.8)
for every coassociative cycle C,
∫
C
⋆ΦΦ > 0. (3.9)
Unlike the case of the Ka¨hler cone, however, there is no evidence that these conditions determine
the parameter space completely.. However, since no other phenomena are known which lead to
constraints on the G2 parameter space, we propose that these known conditions should be a
complete list. In particular, in this paper we shall attempt to study limits of smooth G2 manifolds
by studying the approach to boundary components which are defined by the conditions above.
Under appropriate assumptions about the behavior of the volume and diameter of the metric
as the boundary of the parameter space is approached, the Gromov–Hausdorff theory of limiting
Riemannian metrics [50] can be used to show that the singular limit has the structure of a G2
manifold away from a subset of real codimension 4 [51], and that the generic singularities in real
codimension 4 are orbifold singularities of the type which lead to non-abelian gauge symmetry in
3We thank Thomas Walpuski for bringing this condition to our attention. The fact that the Levi–Civita
connection is a G2-instanton on the tangent bundle of X is pointed out in Example 3.4 of [47]; this is why
p1(X) = p1(TX) occurs as a special case.
5There is a potential problem with this formulation: the set of cycles with associative or coassociative repre-
sentatives may depend on Φ. Thus, some of these conditions may not actually generate boundary walls, since by
the time the integral vanishes, the cycle may no longer be associative and the condition may no longer apply. We
thank Thomas Walpuski for a discussion on this point.
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the compactification of M-theory. Any further singularities are in codimension 6 or codimension
7, and in fact the physics of isolated codimension 7 singularities has been studied extensively. In
particular, for the examples which have been analyzed in detail [13], there is always a vanishing 3-
cycle6 or a vanishing 4-cycle (associative, or coassociative, respectively). This is the phenomenon
we are proposing for the general case.
4 Gauge Enhancement, Defects, and Singular Limits
In this section we will study gauge enhancement in G2 compactifications of M-theory and its
relationship to topological defects and singular limits of X . We will first present the logic for
studying gauge enhancement via singular limits in which calibrated submanifolds vanish. After
presenting the logic, we will study topological defects and singular limits in detail, and then will
conclude the section with some further comments on gauge enhancement.
Before proceeding, we would like to re-emphasize a main point of our work discussed in the
introduction: understanding and controlling gauge enhancement is more difficult in G2 com-
pactifications than in Calabi-Yau compactifications, since (unlike Calabi-Yau manifolds) there is
no calibration form for two-cycles, and therefore it is more difficult to control W-boson masses
as a function of moduli. Therefore a controlled description of non-abelian gauge enhancement
requires either gaining some mathematical control over two-cycles or utilizing different physical
techniques; we will do both, though two-cycles will only be controlled indirectly.
4.1 Logic Behind Gauge Enhancement in G2 Compactifications
We use the following logic as a guide for obtaining either non-abelian gauge enhancement or the
existence of massless charged particles in limits of G2 compactifications.
Since compactification of M-theory on a smooth G2 manifold gives rise to an abelian theory
with no massless charged fields, the existence of non-abelian gauge symmetry or massless charged
fields in a these compactifications requires taking a singular limit in the metric moduli space.
Conversely, if the singular limit gives rise to non-abelian gauge symmetry, the process of return-
ing to a smooth G2 manifold from the singular limit
7 necessarily corresponds to spontaneous
symmetry breaking via the Higgs mechanism. The D-flat direction associated to the breaking
6As pointed out in [13], in the case of vanishing 3-cycles there can be membrane instantons which affect the
C-field superpartner of Φ, and cause the quantum moduli space to differ from the classical moduli space.
7It is possible that if singularities of higher codimension are also present, they might obstruct any “return to
a smooth G2 manifold.”
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has a corresponding massless scalar fluctuation from the broken vacuum, represented by a su-
pergravity mode; as such, b3(X) necessarily increases in the Higgsing process. Since the metric
on the G2 manifold X is determined by the G2-form Φ, taking a singular limit of X requires
performing a deformation Φ 7→ Φ + δΦ, which also determines a deformation of the associated
four-form ⋆ΦΦ 7→ ⋆Φ+δΦ(Φ + δΦ).
How might one detect such a singularity, necessary for the existence of non-abelian gauge
symmetry or massless charged matter, after performing a Φ-deformation? Unlike in complex
algebraic geometry, G2 manifolds do not admit the luxury of detecting singularities via the
structure of algebraic equations; furthermore, though Φ determines a metric, its form is not
known in general compact examples. Given current knowledge, as explained in the previous
section, it seems to us that the most natural way to do so is to perform a Φ-deformation of X
which shrinks an associative and / or coassociative submanifold to zero size. Certainly this is
sufficient to produce a singularity.
We therefore propose studying the physics of gauge enhancement via its relation to van-
ishing associative or coassociative submanifolds. This includes the physics of M2-branes and
M5-branes wrapped on such calibrated submanifolds, which give rise to instantons, strings, and
domain walls. These defects can be controlled because they wrap calibrated submanifolds in
the geometry: they are BPS defects. We will see the appearance of other topological defects,
such as ’t Hooft-Polyakov monopoles, but these cannot be controlled by calibrated geometry, as
expected since there are no BPS particles in d = 4 N = 1 gauge theories. They will still be
useful, though, as we will see in section 5.1 and the first example of section 6.2.
4.2 Defects from Wrapped Membranes and Five-branes
In addition to contributions from Kaluza-Klein reduction of eleven-dimensional supergravity, the
physics of M-theory compactifications depend also on the physics of wrapped M2-branes and
M5-branes. Depending on the details of the wrapped cycles in X , a variety of objects can appear
in the non-compact spacetime. These include not only ordinary particles, but also a variety of
topological defects such as instantons, monopoles, strings, and domain walls. In some cases these
objects that arise in M-theory compactifications can be identified with objects known to exist in
spontaneously broken gauge theories, and in some cases we will see their parametric dependence
on the expectation values of scalar fields via the structure of the geometry.
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Charged Particles and Monopoles from Wrapped Branes and Topological Protection
Let us begin by considering particle states arising from wrapped branes. Suppose that X has8
non-trivial positive two-cycles ΣI , I ∈ {1, . . . , b2(X)}; then since X is a smooth manifold, it also
has dual five-cycles Σ˜I , and if these cycles are submanifolds then particles in four-dimensions
arise from wrapping M2-branes and M5-branes on ΣI and Σ˜I , respectively.
There are two important physical consequences of the fact that these particles arise from
wrapping branes on non-trivial cycles ΣI and Σ˜I . The first is related to intersection theory. To
see this, recall that the Kaluza-Klein ansa¨tz for C3 and also C6 takes the form
C3 = AI ∧ σI + · · · and C6 = A˜I ∧ σ˜I + · · · , (4.1)
where A and A˜ are electric and magnetic vector potentials in four dimensions. An M2-brane (for
example) on L× Σ where Σ ≡ nIΣI and L is the worldline of the spacetime particle couples as∫
L×Σ
C3 =
∑
I
nI
∫
L×ΣI
AJ ∧ σJ = nI
∫
L
AI , (4.2)
by virtue of (2.2). This is the coupling of a particle with charge nI under the Ith U(1) associated
to the vector potential AI . These massive particles could be electrons or W-bosons; it would
be interesting to derive their spacetime quantum numbers explicitly.9 The topologically non-
trivial two-cycles are related to the existence of geometric10 U(1) symmetries, and the topology
determines an observable in the four-dimensional theory, namely, the charge of the particle.
The second physical point is related to stability: an M2-brane wrapped on a non-trivial
volume-minimizing two-cycle Σ could be stable against decay due to charge conservation in the
low-energy theory; this charge conservation would arise from topological protection. This should
be contrasted with a vacuum where the gauge symmetry is completely broken. There, the W-
bosons are not charged, therefore not protected, and have significantly different physics; this
correlates with the disappearance of non-trivial two-forms after the abelian theory is Higgsed. If
the corresponding two-cycles are still present in the geometry, they must be trivial in homology.
Wrapping M5-branes on 5-cycles can also give rise to particles; doing so on L × Σ˜, where
Σ˜ = nIΣ˜I and L is its worldline, we see that it couples as∫
L×Σ˜
C6 =
∫
L×nI Σ˜I
A˜J ∧ σ˜J = nI
∫
L
A˜I (4.3)
8Recall that unlike for Calabi-Yau manifolds, a G2 manifold may have b2(X) = 0.
9In M-theory on Calabi-Yau manifolds, the corresponding particles are BPS and this fact is used in deriving
the spacetime quantum numbers [34, 52].
10Here we study U(1)’s at the level of geometry, and currently have nothing to say about whether other couplings
in the theory may give them a mass.
14
Submanifold Dimension M2 M5
Σ 2 charged particle spacetime filling brane
T 3 spacetime instanton domain wall
T˜ 4 — axionic string
Σ˜ 5 — magnetic monopole
Table 1: G2 manifolds can have non-trivial two-cycles, three-cycles, four-cycles, and five-cycles.
By wrapping M2-branes and M5-branes on cycles that are submanifolds, a variety of defects can
arise in four-dimensions; only those associated to calibrated three-cycle and four-cycles are BPS
defects.
by virtue of (2.2), where nI is the charge of the particle under the I
th magnetic U(1) vector
potential A˜I . This is a magnetic monopole. If the U(1)’s of the vacuum state obtained from
M-theory on X arise from the spontaneous breaking of a non-abelian gauge theory, and new non-
trivial five-manifolds appear in X as a result of that breaking, then these may be the standard
monopoles of ‘t Hooft [29] and Polyakov [30]. The monopole mass is given by
m2 = 16π2
|v|2
g2
(4.4)
where v is the Higgs field expectation value and g is the gauge coupling. As we will see in sections
5 and 6, this |v|2/g2 dependence can be understood geometrically.
BPS Defects: Instantons, Strings, and Domain Walls
While the charged particles (both electrons and monopoles) discussed in the previous section are
difficult to control geometrically, calibration of three-cycles and four-cycles in G2 manifolds allows
for control over the associated topological defects, which are BPS. These are instantons, strings,
and domain walls from M2-branes on three-cycles, M5-branes on four-cycles, and M5-branes on
three-cycles, respectively. See Table 1 for a listing of the possibilities.
Let us begin by discussing a spacetime instanton obtained by wrapping an M2-brane on an
associative submanifold T ≡ niT i. The classical instanton action depends on the volume
vol(T ) =
∫
T
Φ =
∫
ni T i
φjΦj = n
iφi (4.5)
and also its coupling to the M-theory three-form∫
T
C3 =
∫
niT i
θjΦj = n
iθi. (4.6)
That is, the instanton couples to the chiral supermultiplet in four-dimensions with associated
complex scalar field nj(φj + iθj). In the instanton background, the four-dimensional effective
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action receives corrections
∆S4d =
∫
[dZ]Ae−Sinst =
∫
[dZ]Ae−n
i (φi+iθi)+... (4.7)
where [dZ] represents integration over the instanton zero modes and we note the exponential
dependence on the four-dimensional complex scalars φi + iθi. The instanton prefactor A has
been studied in [53], though currently more can be said in Calabi-Yau compactifications of M-
theory and also in F-theory; see e.g. [54].
The precise nature of the instanton correction depends critically on its zero modes; for ex-
ample if there is an identification [dZ] = d4x d2θ of the instanton zero modes with the spacetime
coordinates xµ and superspace spinor θα of the d = 4 N = 1 theory, then the instanton correction
is a superpotential correction. These (x, θ) zero modes are the Goldstone bosons and Goldstinos
of the spacetime translations and supersymmetries broken by the instanton. Note that, while one
might assert the irrelevance of so-called τ instanton zero modes in M-theory compactifications,
since (unlike in type II compactifications) the geometric background only preserves four super-
charges, it is known that in passing from type IIb to F-theory these modes are repackaged [55,56]
and there is a condition that must be checked to ensure their absence. It would be interesting
to understand whether a similar repackaging occurs in the IIa to M-theory on G2 limit.
In addition to the zero modes associated to the super-Poincare´ invariance broken by the
instanton, there might also be deformation zero modes. These were some of the zero modes
studied by Harvey and Moore [53], who showed that an M2-brane instanton on T corrects the
superpotential if T is rigid and supersymmetric, i.e. rigid and associative. Together these ensure
the absence of deformation modes and the presence of θ modes, respectively. More specifically,
they studied the case with b1(T ) = 0, and if b1(T ) 6= 0 the associated Wilson line modulini must
also be carefully studied. The first known examples of compact rigid associative submanifolds
of compact G2 manifolds were given in [9], the form of their superpotential corrections (modulo
potential complications from Wilson line modulini) were studied in [11].
Finally, note that the instanton prefactor A may not have any dependence on G2 moduli
that violates the axion shift symmetries of M-theory, and therefore it seems that any possible
dependence must be exponential in the moduli. It is often stated that the prefactor must be a
moduli independent constant due to the shift symmetries, but we believe that this claim cannot
be consistent with M-theory lifts of IIa configurations with chiral matter prefactors [57–59]
for Euclidean D2-brane instantons. In that context the prefactors are chiral supermultiplets,
not constants, and we see no reason that such configurations should be absent in M-theory.
Furthermore, the complex scalars in these chiral multiplets have vacuum expectation values
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that depend on open string moduli that are lifted in M-theory to G2 moduli; these could be
turned into G2-moduli dependent constant prefactors by Higgsing the gauge group that charges
the supermultiplets. We see no reason that such IIa configurations should be absent in M-
theory lifts, and conclude only that any moduli dependence must be consistent with axionic shift
symmetries, as in the case of exponential dependence.
A four-dimensional string arises from wrapping an M5-brane on a four-cycle T˜ = niT˜i, and
its worldsheet in R3,1 couples to a two-form B which is the four-dimensional Hodge dual of an
axion. This is straightforward to understand since the string coupling is
∫
WS×niT˜i
C6 = ni
∫
WS
Bi (4.8)
where WS is the worldsheet of the string. If T is coassociative, then the string is BPS.
On the other hand, considering just simple Lagrangian quantum field theories rather than
compactifications of string theory or M-theory, Abrikosov-Nielsen-Olesen (ANO) vortex strings
exist in vacua where some number of U(1) symmetries are spontaneously broken. The simplest
case in field theory is given by the abelian Higgs model. This theory has G = U(1), but the
vacuum spontaneously breaks the symmetry to a subgroup H = ∅; it is completely broken. The
defects in the theory are determined by the homotopy groups πi(G/H) = πi(U(1)). Thus, since
π1(U(1)) = Z the theory exhibits ANO vortex strings. The tension of the critical or BPS ANO
vortex string is
TANO = 2π|v|2n, (4.9)
where v is the vacuum expectation value of the charged scalar field which performs the breaking
and n is the winding number of the vortex. There are also the semi-local strings [60] associated
with U(1) symmetry breaking in theories with flat directions, which also has a tension that scales
as T ∼ |v|2.
Finally, a domain wall arises on four-dimensions from wrapping an M5-brane on a three-cycle
T = niT i. We do not have much to say about these at this point, except that BPS domain walls
may exist in four-dimensional theories. See for example [61].
4.3 Two Physical Singular Limits
Having prepared some preliminaries, let us study two types of singular limits.
One singular limit we will study, which we have already mentioned, is when an associative T
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or coassociative T˜ submanifold goes to zero volume. Since
vol(T ) =
∫
T
Φ = φi
∫
T
Φi > 0 (4.10)
this gives a moduli-dependent inequality that is violated in the singular limit where T vanishes,
and is therefore similar to a Ka¨hler cone condition in Calabi-Yau manifolds. A similar statement
holds for coassociative submanifolds. The other singular limit we will study derives from an
inequality due to Joyce that holds for any non-zero two-form class on a G2 manifold; this makes
it particularly relevant for vacua on Coulomb branches. We will see that, although the limit
itself is not physically natural, this study suggests the existence of a calibrated submanifold
which would be physically important; in fact, submanifolds in this class may be “gauge theory
worldvolumes” in certain cases.
Boundaries from a Lemma of Joyce and Gauge Theory Worldvolumes
We begin with the singular limit associated to the Joyce lemma. Since non-trivial two-forms
and two-cycles determine the structure of abelian gauge fields and charged particle states in
four-dimensions, it would be useful for understanding gauge enhancement to have a G2-moduli
dependent condition which involves H2(X) or H2(X) in some way.
We recall from section 3 a lemma of Joyce (which we called there the “topological condition”
on Φ): let X be a G2 manifold with G2-form Φ and associated class [Φ] ∈ H3(X,R). Then for
any non-zero class [σ] ∈ H2(X,R) we have [σ] ∪ [σ] ∪ [Φ] < 0. For simplicity we will write the
condition as ∫
X
σ ∧ σ ∧ Φ < 0 (4.11)
for a representative σ of [σ]. Of course, we can restrict to integral cohomology, taking [σ] ∈
H2(X,Z), and there is a dual five-cycle [Σ˜] ∈ H5(X,Z), i.e.,
η(Σ˜) =
∫
σ ∧ η (4.12)
for all η ∈ H5(X,Z). However, (4.11) also implies that [−σ∧σ] is non-trivial11 in H4(X,Z), and
therefore by Poincare´ duality we also have12 a three-cycle [DΣ] dual to [−σ ∧ σ], i.e.,
ξ(DΣ) = −
∫
σ ∧ σ ∧ ξ (4.13)
11We introduce the sign so that the inequality may in some cases be a positivity condition on an associative
cycle.
12Since σ is non-trivial then so is ⋆Φσ and ⋆Φ(−σ ∧ σ), and accordingly by dimension counting there must also
exist an integral two-cycle Σ and four-cycle D˜Σ. However, unlike for Σ˜ and DΣ, there does not exist a canonical
map σ → Σ or σ → D˜Σ; this is because ⋆Φ introduces the metric and does not have a canonical action on integral
(co)homology. Therefore, we focus on Σ˜ and DΣ.
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for all ξ ∈ H3(X,Z). Thus, to any two-form [σ] ∈ H2(X,Z) we have associated five-cycle and
three-cycle classes
[Σ˜] ∈ H5(X,Z) and [DΣ] ∈ H3(X,Z). (4.14)
In the following we will try to consistently use bracketed expressions to denote homology classes,
while those expressions without the brackets will denote submanifold (perhaps calibrated) rep-
resentatives of those classes; e.g. [DΣ] will be a three-cycle class, but DΣ will be an associative
representative of that class.
This is a remarkable condition! It says that for any U(1) symmetry determined by some
σ ∈ H2(X,Z) in a G2 compactification of M-theory, we have a canonical map not only to the
expected non-trivial five-cycle Σ˜ via duality with homology, but also a map to a non-trivial
three-cycle DΣ via duality with homology and the Joyce lemma. In general, however, there is
no requirement that either of these classes have representatives that are submanifolds, let alone
calibrated ones.
Though in section 5 we will present physical arguments that this is the case under some
circumstances, we simply assume it for now. Then M2-branes and M5-branes can be wrapped
on the representatives Σ˜ and DΣ, giving defects in four dimensions, which are a
Magnetic Monopole: from an M5-brane on Σ˜
Spacetime Instanton: from an M2-brane on DΣ
Domain Wall: from an M5-brane on DΣ, (4.15)
where the Joyce lemma ensures the existence of the class [DΣ], but the assumed positivity is
necessary for the existence of the instanton and the domain wall.
In addition to its role in the existence of these defects, there are other physical consequences
of the lemma (4.11). Again assuming (for now) that [DΣ] has an associative representative DΣ,
note that (4.11) can be rewritten
0 <
∫
DΣ
Φ = vol(DΣ) (4.16)
in which case the lemma can also be interpreted as a condition on calibrated cycles; when it is
violated, the volume of an associative submanifold goes to zero. As such, the generic physical
lessons from conditions of the second type (which we will discuss shortly) also apply here.
What is the physical meaning of vol(DΣ)? Since DΣ is related to a U(1) gauge theory, it is
natural that vol(DΣ) might determine a parameter in the U(1) theory, and it is reasonable to
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guess that it is related to the gauge coupling. If this is true, the limit in which (4.11) is violated
should be a limit in the gauge coupling. In fact this can be seen directly: we can write
V ol(DΣ) =
∫
X
σ ∧ σ ∧ Φ = −
∫
X
σ ∧ ⋆Φσ (4.17)
using the identity ⋆Φσ = −σ ∧ Φ, and from section 2 we recall that this expression appears
in the four-dimensional gauge coupling 1
g2
Y M
via Kaluza-Klein reduction of eleven-dimensional
supergravity. Specifically, in the case b2(X) = 1 we have
1
4g2YM
= − π
l311
∫
X
σ ∧ ⋆Φσ = π
l311
∫
X
σ ∧ σ ∧ Φ = πvol(DΣ)
l311
. (4.18)
and so we see g2YM =
l3
11
4pivol(DΣ)
. This is also a result expected from considering M-theory lifts of IIa
compactifications with spacetime filling D6-branes: there the four-dimensional /gauge coupling
is determined by the volume of the supersymmetric three-cycle wrapped by the D6-brane, which
lifts to a supersymmetric three-cycle — an associative submanifold — in M-theory. From this
and (more importantly) the general argument we conclude
violation of the Joyce lemma is the limit g2YM →∞,
which is not the physical limit we’d like to consider to control gauge enhancement. We emphasize
that this conclusion holds regardless of whether the class [DΣ] has an associative representative.
Instead, the physical lesson we would like to draw is that for every U(1) in a G2 compacti-
fication, the Joyce lemma implies the existence of a non-trivial three-cycle [DΣ]. If [DΣ] has an
appropriate associative representative DΣ, then the volume of this associative determines the G2
moduli dependence of the four-dimensional gauge coupling. This result matches the expectation
from dimensional reduction of a seven-dimensional gauge theory on R3,1 × DΣ. Moreover, an
associative submanifold is expected to play the role of gauge theory worldvolume in the singular
limit, as we will discuss.
When an associative submanifold DΣ exists, wrapping an M2-brane on it gives a spacetime
instanton with associated classical suppression factor
e−V ol(DΣ) ∼ e−
1
g2
Y M . (4.19)
This instanton may correct the superpotential in some models depending on the structure of
instanton zero modes. It is initially confusing that such an effect would appear, since it has the
dependence of a gauge instanton but U(1) theories on their own do not exhibit such effects. One
possible resolution of this puzzle is that such effects can appear in abelian theories if they arise
as broken phases of non-abelian theories; see section 5.1 for further discussion.
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Cycle Cycle Dimension M2 M5
DΣ 3 spacetime instanton domain wall
Σ˜ 5 — magnetic monopole
Table 2: Any non-trivial two-form σ in a G2 manifold determines not only a dual five-cycle,
but also a related three-cycle. If these have representatives that are submanifolds, a variety of
topological defects in four-dimensions, listed above, can be obtained by wrapping M2-branes and
M5-branes.
Singularities from Calibrated Submanifolds and Vanishing Defects
When the metric moduli of a manifold are varied such that a non-trivial cycle goes to zero volume,
a singularity develops, and this can be done in G2 moduli for associative and coassociative
submanifolds since they are calibrated. That is, since
V ol(T ) =
∫
T
Φ and V ol(T˜ ) =
∫
T˜
⋆ΦΦ (4.20)
for T or T˜ any associative or coassociative submanifold, one simple tunes the moduli such that
one of the cycles vanishes and a singularity develops. Note that in many examples the vanishing
of a three-cycle is accompanied by the vanishing of a two-cycle that it contains; we will discuss
the physics of this phenomenon in sections 5 and 6.
M2- and M5-branes wrapped on associative or coassociative submanifolds can give rise to
BPS instantons, BPS domain walls, and BPS strings, and the energetics of these defects can be
controlled by the calibration forms Φ and ⋆ΦΦ. Since in gauge theories the existence of topological
defects is often determined by the properties of spontaneous symmetry breaking, it is natural to
wonder whether the vanishing limit of these instantons, domain walls, and strings may be related
to gauge enhancement. For example, the vanishing tension limit of an Abrikosov-Nielsen-Olesen
vortex string or semi-local string is a limit in which the abelian Higgs model is unbroken.
5 Scenarios for Gauge Enhancement
In this section we would like to identify some scenarios in which these ideas may be put to
use. That is, if M-theory on a particular G2 manifold X describes a phase of a broken gauge
theory coupled to gravity, how might one extract some data of the unbroken gauge theories in
the singular limit?
A simple case that we begin with is to understand G2 compactifications which describe the
Coulomb branch of a non-abelian theory obtained when an adjoint chiral multiplet receives an
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expectation value. We will then describe the physics associated with a circle full of conifolds,
including the Higgs and Coulomb branches associated with the M-theory lift of the deformation
and small resolution. We speculate that a deformation of that setup would produce a theory
with electrons and positron localized at different codimension seven singularities, but we leave
the detailed explanation of such a deformation to future work.
5.1 Non-Abelian Gauge Theories with Adjoint Chiral Multiplets
Consider a four-dimensional N = 1 non-abelian gauge theory with adjoint chiral multiplets,
and suppose that there are flat directions in the scalar potential along which one (or more)
of the adjoint chiral multiplets can receive an expectation value. If the expectation values for
components of the adjoint chiral are generic, the non-abelian theory is broken fromG to U(1)rk(G).
The broken theory exhibits charged massive W-bosons and massless photons, which give rise to
long range forces. This is a Coulomb branch.
In the d = 4 N = 1 super-Higgs mechanism a massless vector multiplet eats a massless chiral
multiplet to produce a massive vector multiplet, and only dim(G)-rk(G) chiral multiplets may be
eaten in the breaking G 7→ U(1)rk(G) since this is the number of vector multiplets that receive a
mass. In the case of a single adjoint chiral multiplet all but rk(G) of its components are eaten in
the breaking. The rk(G) leftover components must be uncharged under U(1)rk(G); these are the
rk(G) Cartan elements of the adjoint. More massless chiral multiplets remain (on the Coulomb
branch) if there are more adjoint chirals in the non-abelian theory, or other matter fields.
Such a theory exhibits ’t Hooft-Polyakov monopoles. These were first shown to exist [29,30]
in a model of Georgi and Glashow [62] where G = SU(2) is broken to H = U(1) by an adjoint
scalar field. The existence of the monopole solution is guaranteed by the non-trivial homotopy
π2(G/H) = Z, which in this case can be seen since G/H is topologically an S
2, or alternatively
since π2(G/H) = π1(H) = Z. The first equality holds by virtue of a long exact sequence
. . . −→ π2(G) −→ π2(G/H) −→ π1(H) −→ π1(G) −→ . . . (5.1)
and the facts that π2(G) = π1(G) = 0 for G = SU(2). This situation generalizes easily: for any
breaking of G 7→ H = U(1)rk(G) for a Lie group G with π2(G) = π1(G) = 0 we have
π2(G/H) = π1(H) = Z
rk(G) (5.2)
and the broken theory exhibits magnetic monopoles; these include the cases whereG = SU(N), Sp(N),
or G an exceptional simple Lie group, but not G = SO(N > 2) since π1(SO(N > 2)) = Z2.
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Even in this case π2(G/H) must be non-trivial. This can be seen using the exact sequence with
G = SO(N > 2) and H = U(1)rk(G)
0→ π2(G/H) f−→ Zrk(G) g−→ Z2 → . . . (5.3)
where if π2(G/H) were trivial, then g would be injective, which cannot be true. Thus π(G/H)
is non-trivial for G a simple Lie group and H = U(1)rk(G), so these theories contain monopoles.
For G a simple Lie group π3(G) 6= 0 and the theory exhibits Yang-Mills (henceforth, gauge)
instantons. It is common to think of these topologically non-trivial gauge field configurations in
unbroken non-abelian gauge theories, but it is also natural to consider what happens to them
if a charged scalar obtains an expectation value that breaks G. This is an important question
in the context of M-theory, since gauge instantons exist in singular G2 compactifications with
non-abelian gauge symmetry, but if they also exist in the Higgs regime then they may arise
geometrically from the structure of a smooth G2 manifold or a submanifold thereof.
In gauge theory this question was answered by ’t Hooft [63], who showed that gauge instantons
associated to a gauge group G contribute to the effective action even if G is spontaneously
broken to an abelian or trivial group H ; see [64] for a general treatment, including for a variety
of unbroken subgroups H . The usual BPST instanton solution [65] can be used to construct
SU(2) instantons for SU(2) subgroups of G. Suppose a Higgs field h receives an expectation
value 〈h〉 = v. In the case v 6= 0 the instanton size ρ is no longer a modulus and therefore the
finite size instanton does not solve the equations of motion in the Higgs regime. Nevertheless
their contributions to the effective action may be computed (for example, using the formalism
of constrained instantons [66]) and the standard suppression factor e−1/g
2
Y M still appears. In the
original example of [63] the extra term in the instanton action induced by v 6= 0 is
∆S = 2π2|v|2ρ2 (5.4)
where the numerical prefactor is model dependent. The |v|2ρ2 dependence is more general,
however, as it follows directly from the Higgs kinetic term |Dµh|2 ⊃ |Aµh|2, as clearly presented
in [64], for example. It will be important for us that the small (ρ = 0) instanton of the four-
dimensional gauge theory solves the equations of motion even in the Higgs regime!
Before addressing this issue in M-theory, it is useful to consider the same question in a type IIa
compactification with a stack of N D6-branes wrapped on a special Lagrangian submanifoldM3.
Reducing to four dimensions gives a four-dimensional U(N) gauge theory with gauge coupling
depending on vol(M3). The small instanton of this four-dimensional gauge theory is a brane
within a brane [67], which in this case is a Euclidean D2-brane that is wrapped on M3. The
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contribution to the effective action of this ED2 arises as e−1/g
2
Y M by the relationship between
the gauge coupling and vol(M3). Now, if M3 is in a family of special Lagrangians M3,t then
there is an adjoint chiral multiplet that breaks the U(N) theory to U(1)N by spreading out the
N D6-branes so that they wrap M3,ti where i = 1, . . . , N . The non-abelian theory has been
broken, but nevertheless an ED2 on any member of this family is a solution and still contributes
to the effective action as e−1/g
2
Y M by virtue of the fact that every member of the family has the
same volume. Whether this instanton contributes to the superpotential or some other aspect of
the effective N = 1 action depends on details of zero modes, but it is a solution in any case,
as predicted by ’t Hooft’s gauge theory calculation [63]. Lifting this configuration to M-theory
should preserve the volume dependence of the ED2-instanton in the broken theory as the volume
of an associative submanifold.
Now we turn to the more general question of interest: if M-theory on a smooth G2 manifold
X were to realize such a phase of a gauge theory, accounting for many or all of these interesting
features, how would one tell from the topology of X , and how might one take a singular limit
in which the non-abelian gauge symmetry is restored? One would like to identify the presence
of charged massive W-bosons, adjoint chiral multiplets, ’t Hooft-Polyakov monopoles13, and
gauge instantons. For simplicity we assume that rk(G) = b2(X); one could also apply the
argument below to a rk(G)-dimensional subset of the two-forms, five-cycles, and other associated
topological data.
The N = 1 supersymmetric Georgi-Glashow model is, itself, a good starting point: suppose
M-theory on a G2 manifold X realized a phase of a gauge theory with G = SU(2) broken to
H = U(1) by the expectation value of single adjoint chiral multiplet Xa, a ∈ {1, 2, 3}, which
is the only charged chiral multiplet in the unbroken theory. A D-flat direction exists for the
adjoint chiral by virtue of the fact that XaXbδab is a gauge invariant holomorphic function. The
associated branch of moduli space is a Coulomb branch, which exhibits massive charged W-
bosons, ’t Hooft-Polyakov monopoles, gauge instantons and a finite gauge coupling. This theory
is an N = 1 avatar of pure Seiberg-Witten theory, which also exhibits the above physical effects
on its Coulomb branch.
If M-theory on X gives a vacuum on the Coulomb branch of this model, the existence of
only this U(1) requires b2(X) = 1, and we have associated homology classes [Σ˜] ∈ H5(X) and
13More specifically, we will look for monopoles that are associated with symmetry breaking in some way. We will
have nothing to say about the field profiles characteristic of ’t Hooft-Polyakov monopoles, but will focus instead
on the dependence of M-theory monopoles on gauge theory parameters, finding that they have a dependence
characteristic of ’t Hooft-Polyakov monopoles.
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[Σ] ∈ H2(X). In a general abelian theory [Σ˜] and [Σ] need not satisfy any other conditions.
However, the Georgi-Glashow model is not a general abelian theory; it is obtained by sponta-
neous symmetry breaking from a non-abelian theory, and it exhibits both massive W-bosons
and monopoles. Kaluza-Klein reduction of d = 11 supergravity on X does not account for this
physics and therefore it should arise from another source. Wrapped M2-branes and M5-branes
provide such a source, as discussed in section 4.2. Doing so, however, requires that the classes
[Σ˜] and [Σ] have representatives that are positive volume submanifolds; we call these Σ˜ and Σ.
Thus, the physics of the Coulomb branch requires that X satisfy certain properties if the massive
W-bosons and monopoles are to arise from wrapped M2-branes and M5-branes.
What about the gauge instantons? They are naturally present if the three-cycle ensured by
the Joyce lemma has a representative that is an associative submanifold. Recall that this lemma
gives
[DΣ] ≡ −[Σ˜] ∩ [Σ˜] ∈ H3(X,Z), (5.5)
a non-trivial three-cycle associated to the U(1), and also that the gauge coupling is
g2YM =
l311
−4π ∫
X
σ ∧ σ ∧ Φ =
l311
4π vol(DΣ)
(5.6)
where σ is the harmonic two-form that defines the U(1) and the latter equality holds only if there
is an associative submanifold DΣ in the class [DΣ]. If DΣ does exist, then M2-branes wrapped on
DΣ are spacetime instantons with e
−1/g2Y M type dependence characteristic of gauge instantons.
Since (for example) the small instanton14 does solve the equations of motion in the Higgs regime,
these effects should be visible on the Coulomb branch, that is in M-theory on X ! Furthermore,
since they do not arise from supergravity reduction, an M2-brane instanton on DΣ would give one
of the required e−1/g
2
Y M suppressed contributions to the effective action, and the non-triviality of
the class [DΣ] is ensured on general grounds by the Joyce lemma, it seems reasonable that an
associative representative DΣ exists. Henceforth we assume the existence of such a cycle.
So far, the existence of massive W-bosons, ’t Hooft-Polyakov monopoles, and gauge instantons
have given us submanifold representatives of the classes [Σ], [Σ˜], and [DΣ] = −[Σ˜] · [Σ˜] that are
submanifolds. This additional structure on X is not required in general, but arises from physics.
It is interesting to ask whether physics suggests a relation between the physical parameters in
the Higgs vacuum and the geometry of these submanifolds, in particular their volumes. Using
the standard dependences of W-boson and monopole masses on the Higgs field expectation value
14The M-theory lift of a D6-ED2 system would yield such an configuration, where the ED2 can be interpreted
as the small instanton of the D6 worldvolume theory [67].
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|v| and the gauge coupling gYM and relating this scaling to the expected scaling of these the
masses with the volumes of Σ and Σ˜, we have
MW ∝ gYM |v| ∝ vol(Σ) and MM ∝ |v|
gYM
∝ vol(Σ˜) (5.7)
and therefore the non-abelian limit with |v| 7→ 0 sends both Σ and Σ˜ to zero volume, but for the
gauge coupling to remain finite vol(DΣ) must also remain finite.
The reader may have already noticed that (in a certain sense) we have an overconstrained
system: the volumes of the three submanifolds Σ, Σ˜ and DΣ scale with two physical parameters
v and gYM . Since
1
g2
Y M
∝ vol(DΣ) we can write another scaling for the monopole mass
MM ∝ |v|
gYM
∝ MW
g2YM
∝ vol(Σ˜) ∝ vol(Σ)vol(DΣ) (5.8)
so that the volume of the five-manifold Σ˜ depends on the volumes of the two-manifold Σ and
the three-manifold DΣ.
While perhaps not absolutely necessary, this dependence is suggestive of a fibration! Specifi-
cally, a fibration Σ˜→ DΣ with generic fibers of class [Σ]. If it were true that Σ˜ = Σ×DΣ then
we would have vol(Σ˜) = vol(Σ) vol(DΣ), but this would also be true if equivalent volume two-
manifolds of class [Σ] were fibered over DΣ.
15 Though the possibility of a fibration has arisen in
our analysis from rather general properties of G2 manifolds and Coulomb branches, this structure
matches other known ideas in the literature. In non-compact models a singular ALE space (with
ADE singularity) is fibered over a three-manifold that we might as well call DΣ; alternatively
one could get an ADE singularity fibered over DΣ from models with heterotic duals, in which X
fibered over DΣ by coassociative K3 manifolds. In either case, the resolution of the singularity
would produce five-manifolds that are fibered over three-manifolds by two-spheres, which in our
language would be Σ˜, DΣ and fibers of class [Σ]. If there was such a fibration, then in the gauge
enhanced singular limit the fiber must collapse and therefore Σ˜ collapses to the three-manifold
DΣ. The enhanced non-abelian gauge symmetry is localized on the three-manifold DΣ over which
the singularity has developed.
Now, DΣ may have its own topology. If b1(DΣ) 6= 0 it has one-cycles, and the S2-fibration over
the one-cycles give three-manifolds that are just S2-fibrations over circles. In the gauge enhanced
singular limit where the W-boson mass goes to zero the three-manifold would collapse to a circle
15The latter situation is precisely what occurs (with appropriate dimension changes for Σ˜ and DΣ) in the
M-theory Coulomb branch obtained from compactification on a resolved Calabi-Yau elliptic fibration, which is
often used as a tool to study F-theory; see appendix A for a discussion.
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and we would have the seven-dimensional gauge theory on DΣ. What does the topology b1(DΣ)
correspond to physically? Reduction of the seven-dimensional (on R3,1×DΣ) gauge fields on the
b1(DΣ) one-cycles in DΣ give rise to adjoint chiral supermultiplets in the d = 4 N = 1 effective
theory, where in the case of the Georgi-Glashow model we must have b1(DΣ) = 1.
To this point we have given physical arguments for what must occur in the singular limit, but
we have not discussed how one gets there. In a Calabi-Yau compactification (again c.f. appendix
A) one would could simply calibrate the fibers to zero, since they are a family of holomorphic
curves. Since this cannot be done in G2 manifolds, let us use our proposal to use associative
or coassociative submanifolds to develop singularities. Recall that the DΣ ensured by the Joyce
lemma is not the one to calibrate to zero, though, since this would be the infinite coupling limit.
However, physical considerations lead to another three-cycle, namely the S2 fibration over
the one-cycle in DΣ corresponding to the adjoint chiral. Since in the gauge enhanced singular
limit the S2 must go to zero volume, this seems to be the natural cycle to try to send to zero.
Doing so via calibration requires an associative submanifold T in that class, so that our proposal
is to take a limit in G2 moduli such that
vol(T ) =
∫
T
Φ 7→ 0, (5.9)
where the collapse of T to an S1 seems most natural in order to retain a finite gauge coupling.
The proposal put forth here in the Georgi-Glashow model extends to Coulomb branches
associated to other non-abelian groups G, as well, with some small modifications. For example,
in cases with rk(G) > 1 there are a wider variety of monopoles and therefore there must be
additional five-manifolds on which to wrap M5-branes; this, too, matches the Calabi-Yau case
discussed in appendix A, since higher rank groups give rise to additional Cartan divisors in the
resolution. For gauge coupling unification in the singular limit, it seems that distinct five-cycles
Σ˜1 and Σ˜2 associated the monopoles of the Coulomb branch must have associated associative
submanifold DΣ1 and DΣ2 in the same class, i.e. [DΣ1 ] = [DΣ2 ]. The relationship between the
geometry and the gauge coupling, W-boson mass, and monopole mass also generalizes.
5.2 Massless Charged Matter from Circles of Conifolds
In this section we will utilize a similar idea — where two-cycles are controlled since they sit in
calibrated three-cycles — in theories that realize conifold transitions, following [11]. Recall first
the physics of an M-theory compactification on a Calabi-Yau threefold with conifold singularities,
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focusing for now on one of the conifolds. It gives rise to a U(1) gauge theory with massless charged
particles, as can be understood by taking a limit of the resolved conifold. In the resolved conifold,
the singular tip has been replaced by a two-sphere, and an M2-brane wrapped on the two-sphere
gives rise to a massive charged particle. The Ka¨hler form calibrates holomorphic curves in Calabi-
Yau manifolds, and thus upon taking a limit in Ka¨hler moduli space the curve shrinks, giving a
massless charged hypermultiplet localized at a codimension six singularity. When the conifold
is deformed this charged hypermultiplet receives an expectation value, the two-form which gave
rise to the U(1) factor no longer exists and the theory is spontaneously broken.
Similar singularities may exist at codimension six in G2 compactifications of M-theory, and
though there is no calibration for two-cycles, the proposal from section 4 is to control them
indirectly by other calibrations. We begin from the resolution and will address the deformation
in the next section. Consider a smooth G2 manifold X where one can identify a circle full of
resolved conifolds. Compact G2 manifolds with such a feature are known to exist, as studied for
example in [11], and such a geometry locally appears as
where the cone object is the six-dimensional resolved conifold, a two-sphere has replaced the
singular tip as usual and in fact the conifold is fibered over a circle. Though we cannot control
the two-spheres directly, note that the two-spheres fibered over the circle give a three-cycle
[T ] ∈ H3(X,Z) which contains the two-spheres, and we consider an associative representative T
of this class. If we move in moduli space such that
V ol(T ) =
∫
T
Φ 7→ 0 (5.10)
there are at least two natural ways in which the three-manifold T might collapse, analogous to
how a divisor may collapse to a curve or a point in an algebraic variety. First, T may collapse
to a point
V ol(T )→0−−−−−−→
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or alternatively T may collapse to a circle
V ol(T )→0−−−−−−→
which is the case that we will focus on. In such a limit X exhibits a circle full of conifolds, and
there are massless charged particles localized at these codimension six singularities. In summary,
given a circle full of resolved conifolds in X , the three-cycle T which is a two-sphere fibration over
a circle can be calibrated to zero volume to control the mass of the charged particles associated
with the two-spheres; this matter is necessarily non-chiral.
Furthermore, in this case (where the associative threefold collapses to a circle) one can be
quite explicit about the local geometry. To do so, recall that the conifold can be represented by
a gauged linear sigma model (GLSM). Let (x1, x2, x3, x4) be fields (homogeneous coordinates)
with U(1) charges (1, 1,−1,−1) respectively. The vacuum moduli space of this GLSM solves the
D-term constraint
|x1|2 + |x2|2 − |x3|2 − |x4|2 = ξ, (5.11)
where ξ is the Fayet-Iliopoulos (FI) parameter of the GLSM; this is not to be confused with the
FI parameter of the U(1) theory on spacetime. The vacuum moduli space is a toric Calabi-Yau
manifold, which is a conifold for ξ = 0. There are two different small resolutions of the conifold;
here they are given by ξ 6= 0, where the sign of ξ determines which of the two small resolutions
is realized. Tuning ξ corresponds to movement in the Ka¨hler moduli space of the Calabi-Yau
manifold, and knowing this the G2 interpretation is immediate. In the case of a Calabi-Yau
product with a circle, movement in Ka¨hler moduli space induces movement in G2 moduli space,
and thus either of the small resolutions not only moves in the Ka¨hler moduli space but also
deforms the G2-form Φ. An associative submanifold may therefore collapse in the ξ 7→ 0 limit,
which we see explicitly here: the cycle T above collapse to a circle. This phenomenon also occurs
in the compact model studied in [11], which we will review in section 6.3.
It may be possible to deform these theories by letting ξ vary along the circle, leaving isolated
singularities at the points where ξ vanishes. We leave the investigation of such a deformation to
future work.
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5.3 Strings from Deformed Circles of Conifolds
To this point we have not yet used a BPS defect to understand symmetry breaking: the monopoles
of section 5.1, which played a critical role, were not BPS. In this section we would like to
understand symmetry breaking of U(1) theories in terms of the appearance of BPS strings, and
their relation to wrapped branes on the new cycles of the deformation of conifolds.
Consider the circle of conifolds. From wrapping M2-branes and anti M2-branes on the two-
sphere of the resolved circle of conifolds, the conifold limit has two chiral multiplets of massless
charged particles, with opposite charge. Consider the field theoretic description of this setup.
The D-term contribution to the scalar potential is
VD =
g2
2
(ξ + φ+φ+ − φ−φ−)2 (5.12)
where φ+ and φ− are the complex scalars in the charged chiral multiplets and ξ is the Fayet-
Iliopoulos parameter of the four-dimensional U(1) theory, which must be zero at the conifold
point since the U(1) is unbroken there. In the super-Higgs mechanism for N = 1 theories in
four dimensions a massless vector multiplet eats a massless chiral multiplet to become a massive
vector multiplet. Since ξ = 0 at the conifold point the expectation values
〈φ+〉 = 〈φ−〉 = v (5.13)
determine a D-flat direction in the scalar potential that Higgses the U(1), which are a subset of
the full space of D-flat directions ξ + φ+φ+ − φ−φ−, where ξ is field-dependent.
D-flat directions correspond to holomorphic gauge invariant combinations of the fields, and
this one in particular corresponds to
φ+φ−, (5.14)
Rewriting the scalar fields in polar coordinates φi = ρie
iθi , the phase of φ+φ− is e
i(θ++θ−), and
θ++θ− is uncharged under the U(1). The combination θ+−θ−, on the other hand, is the eaten by
the photon in the Higgsing process. This field theoretic description is natural in M-theory: two
chiral multiplets became massless in taking the singular limit of the resolved circle of conifolds,
and in Higgsing the theory by deformation one combination of these chiral multiplets is eaten,
while the one corresponding to the flat direction is left massless. The existence of the new chiral
multiplet of the flat direction on the Higgs branch corresponds to the new contribution to b3
from the S3 × S1 of the deformed circle of conifolds.
Now wrap an M5-brane on the S3 × S1. This gives a string in four dimensions that exists in
the deformation, but not the resolution. Classically, its tension depends on
T ∼ Rvol(S3) (5.15)
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where R is the radius of the S1, and since the volume of the S3 is an order parameter for the
symmetry breaking the tension is T ∼ Rf(v) for some function f of the Higgs expectation value.
This string is charged under the two-form that is the four-dimensional Hodge dual of the linear
combination of axions θ++ θ− associated to the D-flat direction. If the S
3×S1 is a coassociative
submanifold then this string is BPS.
We see that we have a topological defect – a BPS string – that appears in connection with
the breaking of a U(1) gauge symmetry in a four dimensional theory, and its tension depends on
the Higgs expectation value. This basic phenomenon is known in the breaking of U(1) theories,
of course. Famously, the non-supersymmetric abelian Higgs model supports a stable, Abrikosov-
Nielsen-Olesen (ANO) vortex string with tension
TANO = 2π|v|2 (5.16)
for the critical vortex that satisfies the Bogolmo’nyi bound, which with slight modifications [68,69]
can be extended to d = 4 N = 1 theories. There are also the semi-local strings [60] associated
with U(1) symmetry breaking in theories with flat directions. In fact, the simplest model with
semi-local strings has two charged scalars, just like this model, and furthermore the semi-local
string tension TSL ∼ |v|2.
We leave the detailed study of the type of string we obtained from a wrapped M5-brane to
future work, but since its energetics match the discussed field theoretic expectations relating
string tensions to order parameters for U(1) symmetry breaking and furthermore it is charged
(via C6 reduction) under the two-form dual to the axion θ+ + θ− of the flat direction, it seems a
promising harbinger of U(1) symmetry breaking inG2 compactifications of M-theory. Calibrating
it to zero via calibrating a coassociative to obtain an (abelian) gauge enhanced singular limit fits
with the general proposal we put forth in section 4.
6 Examples
In this section we would like to study a number of examples, in particular circle products with
Calabi-Yau threefolds, some of the G2 manifolds of Joyce, and also twisted connected sums.
6.1 Circle Products with Calabi-Yau Threefolds
Gauge enhancement is relatively easy to understand if X = Z × S1 for Z a Calabi-Yau three-
fold. Some of the physics of gauge enhancement follows directly from the Calabi-Yau geometry
31
in the usual way, but the circle factor also introduces additional topological structure that will
be important. But let us first review the relevant mathematical facts.
Consider X = Z × S1, where Z is a Calabi-Yau threefold. Then X is a compact seven-
manifold with SU(3) holonomy. It is a manifold with G2-structure, and therefore it has a
G2-form Φ. Letting θ be an angle coordinate on S
1, Φ is determined by the Ka¨hler form J and
holomorphic three-form Ω on Z as
Φ = Re(Ω) + dθ ∧ J. (6.1)
and similarly, ⋆ΦΦ also depends on Ω and J .
Though volumes of two-manifolds cannot be easily computed in a general compact G2 man-
ifold, in this case we can make use of the product structure of the metric and also the fact that
any [Σ] ∈ H2(X,Z) is also an element of [Σ] ∈ H2(Z,Z). In particular a holomorphic curve Σ
in Z is also a volume minimizing two-cycle in X . Therefore,
vol(Σ) =
∫
Σ
J =
∫
Σ
∂
∂θ
yΦ, (6.2)
where we have written the last equality to emphasize the connection between the two-cycle
volume and the G2-form Φ. Note also that to any Σ ∈ H2(Z,Z) = H2(X,Z) we have a three-
cycle TΣ ∈ H3(X,Z) given by Σ × S1, and furthermore that any three-cycle in Z is also a
three-cycle in X .
Gauge enhancement upon movement in the moduli space of X can occur in a few different
ways. We will study those cases where gauge enhancement can be seen via the existence of
new massless particles in the limit where the volume of some two-cycles goes to zero, which is
under control in the case of a circle product for the reasons just discussed. Since X has SU(3)
holonomy, the four-dimensional theory actually has N = 2 supersymmetry. This theory exhibits
BPS particles and accordingly there is a calibration form for two-manifolds, which is given by
∂
∂θ
yΦ = J. (6.3)
One can use this fact to calibrate two-cycles to zero in the usual way. However, given the
relationship to Φ this may also collapse three-manifolds if they contain non-trivial two-manifolds,
as suggested in the more general proposal we have put forth in section 4.
Let us consider two natural singular limits of the Calabi-Yau case, in the language of X and
Φ. Let Σ be a holomorphic curve in Z that comes in a real two-parameter family, parameterized
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by a curve C of genus gC . If we have
R6S1 >> vol(Z). (6.4)
then for energy scales above the Kaluza-Klein scale of the S1 but below that of Z we have an
effective five-dimensional theory, and M2-branes on Σ give [70,34] a d = 5 N = 1 massive vector
multiplet and gC adjoint hypermultiplets. These can be reduced to d = 4 N = 2 multiplets by
compactification on the S1. From the point of view of X , Σ comes in a three real parameter
family parameterized by S1 × C and this family gives a massive N = 2 vector multiplet in four
dimensions. Taking a limit in the moduli space of Φ such that vol(Σ) → 0, the massive vector
multiplet becomes massless and the theory exhibits an SU(2) gauge enhancement; if multiple
curves go to zero volume, generic ADE gauge groups are possible. In a second scenario, Σ
could instead be rigid, in which case M2-branes on it give rise to charged hypermultiplets in
four dimensions; then if Σ goes to zero volume there is no gauge enhancement, but the charged
hypermultiplet becomes massless. If this gives a conifold in Z, then we have a circle of conifolds
in X . In both of these two cases, from the point of view of X gauge enhancement occurs due to
the collapse of two-cycles inside associative threefolds, exemplifying our proposal from section 4.
To close this section we would like to remind the reader why two-cycles were controllable in
this case, and speculate as to how this might generalize. On general grounds one might hope
that, since the metric is determined by Φ for any G2 manifold, integrating
∫
Σ
vΣyΦ for some
distinguished vector field vΣ computes the volume of two-manifold Σ. This was, in fact, what
worked for X = Z×S1, where vΣ = ∂/∂θ and we note that vΣ is independent of Σ. Therefore in
this case vΣyΦ is the same two-form for any Σ. The vector ∂/∂θ generates the direction normal
to Σ in Σ× S1.
It would be interesting in future work to study this idea in more general setups, where vΣ
may differ for various Σ. This is somewhat natural from our proposal to collapse two-manifolds
by collapsing associatives or coassociatives. In the case of an associative T containing a two-
manifold Σ, there is a natural vector field vΣ that generates the normal direction to Σ in T ; the
idea would be to study a potential relationship between
∫
Σ
vΣyΦ and the volume of Σ.
6.2 Joyce’s Examples
We now turn to study M-theory on compact seven-manifolds with holonomy precisely G2. The
first examples of these manifolds were due to Joyce. The idea in this case is to resolve a toroidal
orbifold in a way that allows one to prove that there exists a G2 metric on a small deformation
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of the resolved space. Therefore we will denote this space
X = Res(T 7/Γ). (6.5)
Here Γ is some discrete group, which typically acts on the T 7 coordinates in simple ways. For
early work on the physics of M-theory on Joyce orbifolds, see [71].
We will study two specific examples. The two examples differ qualitatively: in first, there
is only one topologically distinct smoothing of the singular space, whereas there are two in
the second example. The basic idea is that the singularities can locally be written as a three-
manifold times a real codimension four ADE singularity, and these singularities can be deformed
or resolved into a smooth four-manifold. Though these four-manifolds are diffeomorphic, the
actions of orbifold elements on them are not necessarily topologically equivalent. In the first
example we study they are, whereas in the second example they are not.
Before proceeding to the examples, let us discuss some details of the two desingularizations
which are common to both examples; there the singular sets are locally modeled by T 3×C2/{±1}
and we focus on one. Define (x1, x2, x3) to be the T
3 coordinates and z1 ≡ x4 + ix5 and z2 ≡
x6 + ix7 to be the coordinates on C
2, with the orbifold action locally giving the quotient of C2.
There are two possible choices for resolving C2/{±1} into a smooth space Yi:
A) Let Y1 be the blowup of C
2/{±1} at the origin. The exceptional divisor in Y1 is a Σ1 ∼= P1
and its homology class generates H2(Y1,R).
B) Define the map σ : C2/{±1} → C3 such that σ : ±(z1, z2) 7→ (z21−z22 , iz21+iz22 , 2z1z2). Then
C2/{±1} is {(w1, w2, w3) ∈ C3 : w21 +w22 +w23 = 0} and the smoothing of the singularity is
defined by
Y2 ≡ {(w1, w2, w3) ∈ C2 : w21 + w22 + w23 = ǫ} (6.6)
for ǫ ∈ C. Defining ǫ = re2iθ we have
Σ2 ≡ {(eiθx1, eiθx2, eiθx3) : xj ∈ R, x21 + x22 + x23 = r} (6.7)
an S2 in Y2 whose homology class generates H2(Y2,R).
In the respective cases the singular set is now smoothed into T 3 × Yi, and Y1 and Y2 are diffeo-
morphic. The question in examples will be to study how the orbifold action on each Yi could be
topologically distinct, and the associated physical implications.
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To fully control this behavior, we would like certain cycles within the blowup locus to have
associative or coassociative representatives, but this is hard to guarantee. However, at least in
some cases [47], there are G2-instantons whose degeneracy locus approaches the singular locus
as nonabelian gauge symmetry is restored, and we obtain a condition of the form (3.7).
Example One: A Higgsed SU(2) Theory with a Single Branch of Moduli Space
In this section we will analyze a geometry that determines a moduli space that spontaneously
breaks an SU(2)12 gauge symmetry to U(1)12 with three adjoint Higgs fields for each SU(2)
factor. We will see that the geometry exhibits topological defects of the type expected from
gauge theoretic arguments, in particular ’t Hooft-Polyakov monopoles, including the correct
dependence of monopole masses on the parameters of the spontaneously broken gauge theory.
This closely matches the discussion of section 5.1.
We begin by reviewing a singular T 7 orbifold, discussed for example in [31], along with the
details that will be relevant for our analysis. Let xi be coordinates on T
7 such that xi ∼ xi + 1
and define the actions
α : (x1, . . . , x7) 7→ (x1, x2, x3,−x4,−x5,−x6,−x7)
β : (x1, . . . , x7) 7→ (x1,−x2,−x3, x4, x5, 1
2
− x6,−x7)
γ : (x1, . . . , x7) 7→ (−x1, x2,−x3, x4, 1
2
− x5, x6, 1
2
− x7). (6.8)
Then Γ = 〈α, β, γ〉 is the discrete group that determines the toroidal orbifold. It can be shown
that α2 = β2 = γ2 = 1 and furthermore that α, β, and γ commute; as such, Γ ∼= Z2 × Z2 × Z2.
The elements βγ, γα, αβ, and αβγ do not have fixed points on T 7. The fixed points of α in
T 7 are 16 copies of T 3, and the group 〈β, γ〉 acts freely on these 16 T 3’s. Similarly, there are
another 16 three-tori fixed by β which 〈α, γ〉 acts freely on, and yet another 16 three-tori fixed
by γ which 〈α, β〉 acts freely on. The singular set of T 7/Γ is S, which is a disjoint union of 12
three-tori, and the singularity at each three-torus is locally modeled by T 3×C2/{±1}. Note that
the counting 12, rather than 48, can be seen by noting that (for example) the 16 T 3’s fixed by
α in T 7 are permuted by 〈β, γ〉, and thus these are only 4 distinct T 3’s in the quotient. Similar
results hold for the other fixed T 3’s in T 7, yielding overall 12 copies of T 3 in the orbifold. There
are no singularities in codimension seven.
For simplicity, focus one of these singular sets T 3 × C2/{±1}. Desingularizing this space via
method A) above, it is easy to see that that ∆b2(X) = 1 while ∆b3(X) = 3; the resolution of the
A1 singularity C
2/{±1} gives the exceptional curve Σ1 that now contributes to b2, while defining
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S1i with i ∈ {1, 2, 3} to be the three S1’s in T 3 we see that S1i × Σ1 contributes to b3(X). To
match the notation of section 5, let’s instead use Σ for Σ1, and we will abuse notation by letting
Σ denote either a homology class or a representative, with meaning determined by context. Let
Σ˜ be the five-cycle that is fibered by two-spheres of class Σ over T 3, and we may refer to T 3
as DΣ. Then M2-branes and M5-branes on Σ and Σ˜ give electrically and magnetically charged
particles in four dimensions, respectively.
The physics of this example, focusing on this particular resolved singularity, is as follows.
Massive W-bosons arise from wrapping M2-branes and anti M2-branes on curves of class Σ
where SU(2) has been broken to U(1); the latter follows since Σ˜ has a dual two-form σ and
therefore gives rise to a massless Z-boson via C3 = A ∧ σ + · · · . The theory on R3,1 ×DΣ has a
gauge field, and therefore adjoint chiral multiplets can be obtained by Kaluza-Klein reduction of
the gauge field on one-cycles in DΣ. In addition to the W-bosons, we can obtain other charged
particles by wrapping an M5-brane on Σ˜, which are magnetically charged. Note from the generic
analysis of section 2 and also direct dimensional reduction of the gauge kinetic term in the d = 7
theory on R3,1 ×DΣ, we have V ol(DΣ) ∼ 1/g2, where g is the four-dimensional gauge coupling.
Noting also that V ol(Σ˜) = V ol(Σ) × V ol(DΣ) and the fact that MW ∼ g|v| ∼ V ol(Σ) with v a
Higgs expectation value, we see that the mass Mm of an M5-brane on Σ˜ is
M2m ∼ vol(Σ˜) ∼ vol(Σ)vol(T 3) ∼ g|v| ×
1
g2
∼ |v|
g
(6.9)
which is precisely the dependence on v and g expected for the classical mass of a critical ’t Hooft-
Polyakov monopole. The physical content in this example closely matches our more general
discussion (see section 5.1) of Coulomb branches.
Gauge enhancement occurs in this example as discussed in general in section 5.1: associated
to each S1i in DΣ is an adjoint chiral multiplet and a vertical three-cycle Ti which is a two-sphere
fibration over the S1i . The singular limit is the Joyce orbifold itself, in which the volume of Ti is
approximated by16
vol(Ti) ∼
∫
Ti
Φ 7→ 0 (6.10)
and since DΣ remains of finite volume in the orbifold limit we know that the two-cycle Σ also
vanishes in that limit. Joyce’s work shows that in fact all three Ti vanish, and therefore we have
a vanishing two-cycle Σ over every point in DΣ. These give rise to massless W-bosons and the
theory in the singular limit exhibits SU(2) gauge symmetry for each DΣ.
16We thank Thomas Walpuski for comments on this point. Finding a way to control this approximation will
be an interesting topic for future work.
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Example Two: Two Topologically Distinct Resolutions
Let’s study an explicit example; further mathematical details can be found in section 12.3 of [31].
Let xi be coordinates on T
7 such that xi ∼ xi + 1. Define the actions
α : (x1, . . . , x7) 7→ (x1, x2, x3,−x4,−x5,−x6,−x7)
β : (x1, . . . , x7) 7→ (x1,−x2,−x3, x4, x5, 1
2
− x6,−x7)
γ : (x1, . . . , x7) 7→ (−x1, x2,−x3, x4,−x5, x6, 1
2
− x7). (6.11)
Defining Γ ≡ 〈α, β, γ〉 ∼= Z32, we are interested in the orbifold T 7/Γ. Important facts are that α,
β, and γ commute, that α2 = β2 = γ2 = 1, and that βγ, γα, αβ, and αβγ have no fixed point
in T 7. The fixed points of α, β, and γ are each 16 copies of T 3. The set of T 3 in T 7 fixed by α
and β are acted on freely by the groups 〈β, γ〉 and 〈α, γ〉, respectively; the set of T 3 in T 7 fixed
by γ are not acted on freely by 〈α, β〉, however, since αβ will map some of the T 3 to themselves,
albeit without fixed points. The singular set S of T 7/Γ is a disjoint union of 8 copies of T 3 and
8 copies of T 3/Z2; the former arise from the quotient action on the 32 T
3 in T 7 fixed by α and
β, whereas the latter arise from the quotient action on the 16 T 3 fixed by γ.
Codimension four singularities arising along the 8 T 3/Z2 singular sets are more exotic. In
each of these cases the singularity is locally modeled by (T 3×C2/{±1})/〈αβ〉, where the action
of αβ is given by:
αβ : [(x2, x4, x6),±(z1, z2)] 7→
[
(−x2,−x4, x6 + 1
2
),±(z1,−z2)
]
(6.12)
where . This corrects a small typo in equation (12.7) of [31]. As in the previous case, the singular
sets T 3 ×C2/{±1} can be resolved in two diffeomorphic ways as T 3 × Yi, but now we must also
take into account the action of αβ on the resolution. By the above action, one can consider
the induced action on the homogeneous coordinates of the exceptional divisor Σ1 in Y1; it is
such that the orientation of Σ1 is preserved. Alternatively, in the second description αβ acts
as (w1, w2, w3) 7→ (w1, w2, w3). The induced action on Σ2 is (x1, x2, x3) 7→ (x1, x2,−x3) which
fixes Σ2 but is orientation reversing. Thus, (αβ)∗[Σ1] = [Σ1] in H2(Y1,R) and (αβ)∗[Σ2] = −[Σ2]
in H2(Y2,R). Thus, for codimension four singularities of this type, resolutions of type A still
contribute a new two-cycle, but resolutions of type B do not, due to the orientation reversal. Let
Cj be new three-cycles, with S
1 coordinate xi, associated with the resolution of T
3 × C2/{±1}.
The action of αβ on the xj determines whether the three-cycle Cj is also a three-cycle of the
quotient space, and thus the G2 manifold. For resolutions of type A, C6 is a three-cycle in the
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quotient space, whereas C2 and C4 are three-cycles of the quotient for resolutions of type B.
In summary, after quotienting by αβ, resolutions of type A contribute one new two-cycle and
one new three-cycle, and resolutions of type B contribute zero new two-cycles and two new
three-cycles.
We see that for codimension four singular loci of this second type, the two different types of
smoothings give topologically distinct G2 manifolds! Due to the existence and non-existence of
new two-cycles for cases A and B, respectively, one of the smoothings has a U(1) gauge symmetry
and the other does not. We expect that the singular model will have non-abelian gauge symmetry
and sit at the intersection of a Higgs branch and Coulomb branch. We leave more detailed study
of this model to future work.
6.3 Twisted Connected Sum G2 Manifolds
In recent years there has been much progress in constructing compact G2 manifolds using the
so-called twisted connected sum (TCS) construction of Kovalev [7]. The compactification of
M-theory on TCS G2 manifolds was the subject [11], to which we refer the reader for further
background on the TCS construction. In this section we would like to review the twisted con-
nected sum construction and discuss how the concrete example of [11] exemplifies our proposal
from section 4. Though it would require further mathematical developments to realize examples,
we would also like to put forward a new proposal for taking singular limits of TCS G2 manifolds
that realize non-abelian gauge symmetry.
Let us begin by briefly reviewing the twisted connected sum construction, giving the reader a
qualitative understanding and referring the summary in section 2 of [11] for more details. In two
sentences, the construction glues together two non-compact seven-manifolds with G2 structure
to obtain a compact seven-manifold X . If the non-compact seven-manifolds and gluing satisfy
certain criteria, then X admits a natural G2 structure with associated G2 form Φ˜, and there is
a torsion-free deformation Φ of Φ˜ (within its cohomology class), so that the space X together
with the metric gΦ associated to Φ form a compact seven-manifold with holonomy G2.
The critical details lie in the criteria that the gluing map and the non-compact seven-manifolds
must satisfy. Let V± be an asymptotically cylindrical (ACyl) Calabi-Yau three-fold, which is a
non-compact Calabi-Yau manifold that asymptotes to a Calabi-Yau cylinder V ∞
±
at infinity. A
Calabi-Yau cylinder has the form Σ × C∗ where Σ is a smooth K3 surface and the C∗ is often
thought of as an interval times S1. The point is that the Calabi-Yau cylinder, which is a threefold,
has a Ka¨hler form and holomorphic three-form inherited from the Ka¨hler and complex structure
of Σ together with data from the C∗. This subsequently induces a natural G2 structure at the
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asymptotic ends of the non-compact seven-manifolds M± := V±×S1±, and the TCS construction
works by gluing the asymptotic ends of M± in a way such that the compact seven-manifold X
obtained by the gluing has a natural G2 structure and associated G2 form Φ˜. To perform such a
gluing requires finding a Donaldson matching, which is a diffeomorphism r that glues the smooth
K3 surfaces Σ± in a way that leaves the G2 structure on the asymptotic ends of M± invariant.
Then, Kovalev’s theorem showed that there is a torsion free deformation Φ of Φ˜ in its cohomology
class so that (X, gΦ) is a compact G2 manifold.
The construction of compact G2 manifolds using the TCS construction is then reduced to the
construction of ACyl Calabi-Yau threefolds V± and the study of gluing maps. In some cases the
gluing map can be chosen somewhat trivially, so that the problem is reduced to constructing the
“building blocks” V±. Practically, this is often done by constructing associated compact Ka¨hler
threefolds Z± with a smooth K3 surface Σ± in the anticanonical class, which is then cut out to
form V± := Z± \ S±. In [10] it was shown that such V± can be constructed from weak Fano
threefolds Z±, which greatly increased the number of TCS G2 manifolds to over fifty million [9].
The integral cohomology of TCS G2 manifolds is known, as are some construction theorems for
compact associative submanifolds useful for physics [9].
Our Proposal and a U(1)3 Example
In [11] we studied a four-dimensional M-theory compactification on a TCS G2 manifold X that
exhibited U(1)3 gauge symmetry, a rich spectrum of massive charged particles, and (modulo issues
of potential Wilson line modulini) instanton corrections to the superpotential. Furthermore, we
studied a non-isolated conifold transition that broke one of the U(1)’s, and Kovalev’s theorem
ensures that the this deformation, too, is a compact G2 manifold.
We would like to review this example in just enough detail to make it clear that it exemplifies
the proposal we have outlined in section 4 for taking singular limits of compact G2 manifolds. For
the elements of the physics that we studied, it sufficed to focus on “one half” of X , that is, on one
of the seven-manifolds M = V × S1. The ACyl Calabi-Yau threefold, originally studied in [10]
but extended with new results in [11], is obtained as follows. Consider a one-parameter linear
system of divisors — a pencil — in P3 generated by K3 surfaces S0 and S∞ in the anticanonical
class, where S∞ is a generic quartic and S0 = {x1x2x3x4 = 0} with xi the standard homogeneous
coordinates for P3. The base locus of this pencil is the union of curves Ci where each Ci is where
xi = 0 intersects S∞. The threefold Z is obtained by blowing up sequentially along these curves,
and then V is obtained from Z by cutting (the inverse image of) a generic member of the pencil
|S0, S∞|. There are 24 rigid holomorphic curves in Z that arise from the blow-up, and these
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sit away from the locus where S was cut out, so these are non-trivial in V and also in any G2
manifold X formed from this building block.
M2-branes wrapped on those 24 rigid two-cycles give rise to massive charged particles in four
dimensions, and in [11] we studied a limit in which some of these particles become massless, so
that a conifold transition can be performed. Since two-cycles are not calibrated in a G2 manifold,
we took the singular limit by using the proposal of section 4. Namely, by a theorem of [9], to any
rigid holomorphic curve C in V there is a compact rigid associative in X that is diffeomorphic to
S2× S1, and the conifold limit can be taken in G2 moduli by calibrating this associative to zero
volume. Essentially it occurs by continuously following a family of ACyl Calabi-Yau manifolds
Vt to V0 which has conifold singularities, and Kovalev’s theorem can be applied for any t 6= 0 to
obtain a G2 manifold. As in the Calabi-Yau case, we assume that there is a singular Ricci-flat
metric even for t = 0. In summary, we obtained a massless particle limit by calibrating a compact
rigid associative submanifold to zero volume, as proposed in section 4.
Towards Non-Abelian Gauge Sectors from K3 Two-cycles
How might one take a singular limit of a TCS G2 manifold that exhibits non-abelian gauge
symmetry? Though the following proposal would require some addition mathematical progress
in order to work, let us discuss it since it may be a promising direction for future research.
The basic idea is that, since TCS G2 manifolds are fibered by (not necessarily coassociative) K3
surfaces, one may try to shrink curves in the K3 surfaces such that a singularity develops in the
TCS G2 manifold X .
Recall that one of the ways that we obtained control over particle masses in the case of the
resolved circle of conifolds was that there was an associative three-cycle that contained a non-
trivial two-cycle, and the limit of vanishing associative led to the collapse of the two-cycle. One
of the reasons that this worked was the fact that
H2(X,Z) = K+ ⊕K− ⊕ · · · H3(X,Z) = K+ ⊕K− ⊕ · · · (6.13)
where K± = ker(ρ±) with ρ± : H
2(V±)→ H2(S±) the natural restriction map. This implies that
K± contributes both two-cycles and three-cycles, and it is clear how they arise: the former are
curves C± ⊂ V± that are non-trivial in X , but taking the product with S1± inM± also gives three-
cycles that are non-trivial in X . Moreover, these three-cycles have an associative representative,
and we used that associative to indirectly control the mass of the M2-branes wrapped on C±.
However, C± were rigid, so those M2-branes gave rise to chiral multiplets, not vector multiplets.
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What other non-trivial two-cycles are there in X that might instead give rise to non-abelian
gauge enhancement if we could shrink them via shrinking associatives? The full second coho-
mology is
H2(X,Z) = K+ ⊕K− ⊕N+ ∩N− (6.14)
where N± = Im(ρ±) and dualizing to homology there may be two-dimensional submanifold
representatives associated to N+ ∩N−; these would be divisors in V± that restrict to non-trivial
curves on both of the K3 surfaces S±. So, there can be non-trivial curves in X that are curves in
the K3 fibers. M2-branes on these submanifolds give charged particles and one may like to study
a massless limit of those particles for the sake of gauge enhancement. However, since (unlike
K±) N+∩N− does not also contribute to H3(X,Z) or H4(X,Z) it seems more difficult to shrink
those curves via a shrinking associative or coassociative. If a singular limit with non-abelian
gauge symmetry exists associated to non-trivial N+ ∩N−, these would be Coulomb branches.
Alternatively, one could try to use associatives or coassociatives to control Higgs branches;
that is, to use collapsing associatives or coassociatives to collapse two-cycles in them that are
non-trivial in the K3 surfaces S± but are trivial in X . Doing so would require that there are
curve classes in S± that contribute to the third or fourth (co) homology but not to the second.
But in fact this is the case! Keeping the pieces of the third and fourth cohomology that are
related to the second cohomology of the K3 surfaces, we have [9]
H3(X,Z) = L/(N+ ⊕N−)⊕ (N− ∩ T+)⊕ (N− ∩ T−)⊕ · · ·
H4(X,Z) = (T+ ∩ T−)⊕ L/(N− ⊕ T+)⊕ L/(N+ ⊕ T−)⊕ · · · (6.15)
where H2(S±) = L and
T± = N
⊥
±
= {l ∈ H2(S±,Z)|〈l, n〉 = 0 ∀ n ∈ N±}. (6.16)
To our knowledge, there are currently no theorems related to associative or coassociative rep-
resentatives of these classes. However, if such calibrated submanifolds existed, it is natural to
expect that they contain two-cycles that are non-trivial in S±, but trivial in X . If those cali-
brated submanifolds were to collapse in a way that the two-cycles collapsed (as in our conifold
idea and examples) then it could develop codimension four singularities in the K3 fibers of X ,
which could be a gauge enhanced singular limit.
Without construction theorems for associative or coassociative submanifolds related to two-
cycles in S± it is difficult to move forward, but we find this a promising idea that should be
pursued in future work.
41
7 Conclusions
In this paper we have studied gauge enhancement and singular limits in the compactification
of M-theory on a seven-manifold X with holonomy G2. Such singular limits are necessary for
obtaining a realistic compactification, since M-theory on X gives rise to at most abelian gauge
symmetry, and therefore cannot realize the standard model of particle physics. In fact, M-theory
on X also cannot give rise to massless charged particle states.
Our paper develops a proposal and techniques for identifying when M-theory on a singular
limit of X gives rise to massless charged matter or non-abelian gauge sectors. The proposal
and techniques are motivated by an important fact about G2 manifolds: they do not have
calibrated two-cycles, and therefore it is difficult to track the volumes of two-cycles as a function
of metric moduli. This should be contrasted to the case of M-theory on a Calabi-Yau manifold,
where calibrated two-cycles are holomorphic curves and their volumes can be reliably computed
as a function of moduli (specifically, Ka¨hler moduli), even though the metric on the Calabi-
Yau manifold is not known. This is physically important for the following reason. Since M2-
branes on two-cycles in a smooth manifold give rise to massive charged particles, the existence of
holomorphic curves in Calabi-Yau manifolds means the W-boson masses can be tracked reliably
as a function of moduli, whereas they cannot in G2 manifolds since the two-cycles are not
calibrated. This is related to the fact that there are no BPS particles in the G2 compactifications,
since it has N = 1 supersymmetry in four dimensions, whereas compactification on a Calabi-Yau
threefold gives an N = 1 theory in five dimensions, which does support BPS particles. Thus, the
method of studying non-abelian gauge enhancement in Calabi-Yau compactifications by sending
W-boson masses to zero via calibrating two-cycles to zero volume cannot be utilized in a G2
compactification.
In section 4 we made a proposal for studying gauge enhancement and / or singular limits with
massless charged particles in G2 compactifications of M-theory, and the proposal may be stated
both mathematically and physically. Physically, the proposal is to control harbingers of symmetry
breaking other than the massive W-bosons used in Calabi-Yau compactifications. Depending on
the example, this could include17 BPS instantons, strings, or domain walls. Mathematically, this
is possible since these objects arise from M2-branes or M5-branes on calibrated submanifolds of
X , which are so-called associative three-manifolds and coassociative four-manifolds. Therefore,
mathematically the proposal is to study singular limits of M-theory onX by collapsing associative
17Another signal of symmetry breaking are the ’t Hooft-Polyakov monopoles, but since these are particles in
d = 4 N = 1 theories they are not BPS and they are no more useful than massive W-bosons; this correlates with
the fact that the monopoles arise from five-cycles in X , which are not calibrated.
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or coassociative submanifolds. In some cases this may collapse a two-cycle within the associative
or coassociative, in which case one has gained indirect (in the sense that the two-cycle itself is
not calibrated) control over a particle mass.
In the remainder of the paper we proceeded forward using the proposal, beginning with
general aspects and proceeding toward increasingly concrete scenarios, finishing with concrete
examples. We studied defects obtained from wrapped M2-branes and M5-branes in section in 4.2
and studied two types of singular limits in section 4.3. One of those limits collapsed a natural
cycle that is explicitly related to symmetry. Namely, for any [σ] ∈ H2(X,Z) a lemma of Joyce
shows that
[σ] ∪ [σ] ∪ [Φ] < 0 (7.1)
and therefore −[σ]∪ [σ] is non-trivial in H4(X,Z) and there is a corresponding three cycle [DΣ] in
H3(X,Z). This is related to a U(1) symmetry via Kaluza-Klein reduction of the M-theory three-
form. However, if DΣ is a calibrated submanifold representative of class [DΣ], then collapsing
DΣ is not a limit with gauge enhancement, since vol(DΣ) computes the gauge coupling; instead
it is a strongly coupled limit. We mention it, though, since this class was useful in other ways.
In section 5 we studied some more specific scenarios for gauge enhancement, in particular
Coulomb branches of a non-abelian gauge theory in section 5.1 and issues related to massless
charged matter, string defects, and issues related to conifold transitions in the latter subsections
of section 5. The Coulomb branch scenario involved the breaking the G → U(1)rk(G) by the
expectation values of scalar fields in adjoint chiral multiplets. Accounting for the ’t Hooft-
Polyakov monopoles of this theory with M5-branes wrapped on non-trivial five-manifolds and
considering the relationship between the (classical) monopole masses and W-boson masses, we
were lead to a picture where the five-manifolds are fibered by two-spheres over a parameter space
of class [DΣ]. A three-cycle class related to the adjoint chiral multiplets appears naturally and is
used for gauge enhancement. This general picture was exemplified in the first of Joyce’s examples
studied in section 6.2. We also studied conifold transitions and saw that the blowdown of the
resolution of the circle of conifolds had a collapsing three-cycle, while the deformation to the
Higgs branch has an emerging four-cycle; these more general phenomena were exemplified the
U(1)3 TCS example discussed in section 6.3 and studied in [11].
It would be interesting to use the proposal and techniques developed in this paper for finding
new singular limits of G2 compactifications that exhibit non-abelian gauge symmetry. One
possibility is to use our proposal for twisted connected sum G2 manifolds, perhaps along the
lines discussed in section 6.3. We leave this to future work.
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A Monopoles from Elliptic Calabi-Yau Coulomb Branches
Since M-theory Coulomb branches arising from Calabi-Yau compactification have been studied
extensively in recent years, in particular as a tool to study F-theory, we would like to see how
that story parallels Coulomb branches of G2 compactifications.
Consider M-theory compactified on a smooth Calabi-Yau elliptic fibration X
pi−→ B that is
the resolution of a singular model X˜ that has ADE singularities along a divisor Z in B. Let us
fix dimC(B) = 3 for concreteness, so that this is a N = 2 M-theory compactification in 2 + 1
dimensions. M-theory on X˜ has a non-abelian gauge theory on Z with some gauge group G, and
the resolution breaks G to U(1)rk(G) by giving an expectation value to the adjoint scalar field
in the non-abelian vector multiplet. Though this discussion generalizes, for simplicity consider
again G = SU(2). This is an M-theory Coulomb branch from Calabi-Yau compactification, and
though it parallels the G2 case, it also has some properties that the G2 case doesn’t have. First,
geometrically, W-bosons and monopoles of this theory arise from M2-branes and M5-branes
wrapped on curves and divisors, respectively, which (unlike the two-manifolds and the manifolds
in real codimension two in the G2 case) are calibrated submanifolds. Second, field theoretically,
there are BPS particles in d = 3 N = 2 theories.
The resolved geometry has a so-called Cartan divisor D, which is a P1 fibration over Z, and
since Z is a divisor in a threefold D is itself a threefold. Let the fiber class be Σ. An M5-brane
wrapped on Z gives rise to a spacetime instanton, which in 2 + 1 dimensions can be a magnetic
monopole. This is the correct interpretation in this case since the M5-brane is a magnetic source
for C3, which gives rise to the abelian vector multiplets of the Coulomb branch. M2-branes
wrapped on the family of curves of class Σ give rise to the massive W-bosons of the Coulomb
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branch, though at codimension one subloci in Z it is possible that the fiber becomes a reducible
variety, splitting according to Σ = Σ1 + Σ2. Note, though, that the total fiber volume remains
the same even for the split fiber since
vol(Σ) =
∫
Σ
J =
∫
Σ1
J +
∫
Σ2
J = vol(Σ1) + vol(Σ2). (A.1)
The volume of D is
vol(D) =
1
6
∫
D
J ∧ J ∧ J = 1
2
vol(Σ) vol(Z) (A.2)
where the last equality holds due to the fibration. These volumes determine the W-boson and
monopole mass, respectively, but we haven’t said anything about the gauge coupling yet. In
fact, the gauge coupling depends on vol(Z) ∼ 1
g2
which here plays a role analogous to vol(DΣ)
in the G2 Coulomb branch. So we see that the monopole mass, which depends on the volume of
the Cartan divisor D, therefore depends on the parameters of the gauge theory as |v|/g due to
vol(D) ∼ vol(Σ)vol(Z), where vol(Σ) ∼ g|v| since it determines the W-boson mass.
In summary, this closely matches the G2 Coulomb branch. In both cases (the d = 4 G2
Coulomb branch and the d = 3 Calabi-Yau Coulomb branch of resolution) there is a real codi-
mension two submanifold that is a non-trivial cycle. It is fibered by two-spheres over a real
codimension four parameter space, and by wrapping an M5-brane on this real codimension two
submanifold we obtain a magnetic monopole. Since in both cases the codimension two sub-
manifold arises due to the smoothing / Higgsing process, the associated monopole is related to
symmetry breaking. This is the behavior expected of ’t Hooft-Polyakov monopoles, and in both
cases the monopole mass dependence |v|/g is recovered due to the relationship between geometric
volumes and physical parameters in the broken gauge theory.
References
[1] A. Sen, Strong - weak coupling duality in four-dimensional string theory, Int. J. Mod.
Phys. A 9 (1994) 3707–3750, [hep-th/9402002]. 1
[2] C. M. Hull and P. K. Townsend, Unity of superstring dualities, Nucl. Phys. B 438 (1995)
109–137, [hep-th/9410167]. 1
[3] E. Witten, String Theory Dynamics in Various Dimensions, Nucl.Phys. B443 (1995)
85–126, [hep-th/9503124]. 1
45
[4] G. Papadopoulos and P. Townsend, Compactification of D = 11 Supergravity on Spaces of
Exceptional Holonomy, Phys.Lett. B357 (1995) 300–306, [hep-th/9506150]. 1, 2
[5] D. D. Joyce, Compact Riemannian 7-manifolds with holonomy G2. I,, J. Differential
Geom. 43 (1996), no. 2 291–328. 1, 3
[6] D. D. Joyce, Compact Riemannian 7-manifolds with holonomy G2. II, J. Differential
Geom. 43 (1996), no. 2 329–375. 1, 2, 3
[7] A. Kovalev, Twisted connected sums and special Riemannian holonomy, J. Reine Angew.
Math. 565 (2003) 125–160, [math/0012189]. 1, 6.3
[8] A. Kovalev and N.-H. Lee, K3 surfaces with non-symplectic involution and compact
irreducible G2-manifolds, Math. Proc. Cambridge Philos. Soc. 151 (2011), no. 2 193–218,
[arXiv:0810.0957]. 1
[9] A. Corti, M. Haskins, J. Nordstro¨m, and T. Pacini, G2-manifolds and associative
submanifolds via semi-Fano 3-folds, Duke Math. J. 164 (2015) 1971–2092,
[arXiv:1207.4470]. v3. 1, 2, 4.2, 6.3, 6.3, 6.3
[10] A. Corti, M. Haskins, J. Nordstro¨m, and T. Pacini, Asymptotically cylindrical Calabi-Yau
3-folds from weak Fano 3-folds, Geom. Topol. 17 (2013), no. 4 1955–2059. 1, 6.3, 6.3
[11] J. Halverson and D. R. Morrison, The landscape of M-theory compactifications on
seven-manifolds with G2 holonomy, JHEP 1504 (2015) 047, [arXiv:1412.4123]. 1, 4.2,
5.2, 5.2, 6.3, 6.3, 7
[12] B. S. Acharya, On Realizing N=1 superYang-Mills in M theory, hep-th/0011089. 1
[13] M. Atiyah and E. Witten, M Theory Dynamics on a Manifold of G2 Holonomy,
Adv.Theor.Math.Phys. 6 (2003) 1–106, [hep-th/0107177]. 1, 3, 6
[14] B. S. Acharya and E. Witten, Chiral Fermions from Manifolds of G2 Holonomy,
hep-th/0109152. 1
[15] E. Witten, Anomaly Cancellation on G2 Manifolds, hep-th/0108165. 1
[16] M. Cvetic, G. W. Gibbons, H. Lu, and C. N. Pope, Cohomogeneity one manifolds of
Spin(7) and G(2) holonomy, Phys. Rev. D65 (2002) 106004, [hep-th/0108245]. 1
46
[17] M. Cvetic, G. W. Gibbons, H. Lu, and C. N. Pope, M-theory conifolds, Phys. Rev. Lett. 88
(2002) 121602, [hep-th/0112098]. 1
[18] M. Cvetic, G. Shiu, and A. M. Uranga, Chiral four-dimensional N=1 supersymmetric type
2A orientifolds from intersecting D6 branes, Nucl. Phys. B615 (2001) 3–32,
[hep-th/0107166]. 1
[19] M. Cvetic, G. Shiu, and A. M. Uranga, Chiral type II orientifold constructions as M theory
on G(2) holonomy spaces, in Supersymmetry and unification of fundamental interactions.
Proceedings, 9th International Conference, SUSY’01, Dubna, Russia, June 11-17, 2001,
pp. 317–326, 2001. hep-th/0111179. 1
[20] S. Gukov and D. Tong, D-brane probes of special holonomy manifolds, and dynamics of N
= 1 three-dimensional gauge theories, JHEP 04 (2002) 050, [hep-th/0202126]. 1
[21] S. Gukov, S.-T. Yau, and E. Zaslow, Duality and fibrations on G2 manifolds, Turkish J.
Math. 27 (2003), no. 1 61–97, [hep-th/0203217]. 1
[22] B. S. Acharya and S. Gukov, M theory and singularities of exceptional holonomy
manifolds, Phys.Rept. 392 (2004) 121–189, [hep-th/0409191]. 1
[23] B. S. Acharya, K. Bobkov, G. L. Kane, J. Shao, and P. Kumar, The G(2)-MSSM: An M
Theory motivated model of Particle Physics, Phys. Rev. D78 (2008) 065038,
[arXiv:0801.0478]. 1
[24] B. S. Acharya, G. Kane, and P. Kumar, Compactified String Theories – Generic
Predictions for Particle Physics, Int.J.Mod.Phys. A27 (2012) 1230012,
[arXiv:1204.2795]. 1
[25] B. R. Greene, D. R. Morrison, and C. Vafa, A geometric realization of confinement, Nucl.
Phys. B 481 (1996) 513–538, [hep-th/9608039]. 1
[26] A. Grassi, J. Halverson, and J. L. Shaneson, Matter From Geometry Without Resolution,
JHEP 1310 (2013) 205, [arXiv:1306.1832]. 1
[27] A. Grassi, J. Halverson, and J. L. Shaneson, Non-Abelian Gauge Symmetry and the Higgs
Mechanism in F-theory, arXiv:1402.5962. 1
[28] A. Grassi, J. Halverson, and J. L. Shaneson, Geometry and Topology of String Junctions,
arXiv:1410.6817. 1
47
[29] G. ’t Hooft, Magnetic Monopoles in Unified Gauge Theories, Nucl.Phys. B79 (1974)
276–284. 1, 4.2, 5.1
[30] A. M. Polyakov, Particle Spectrum in the Quantum Field Theory, JETP Lett. 20 (1974)
194–195. 1, 4.2, 5.1
[31] D. Joyce, Compact Manifolds with Special Holonomy. Oxford mathematical monographs.
Oxford University Press, 2000. 2, 6.2, 6.2, 6.2
[32] R. L. Bryant, Metrics with exceptional holonomy, Annals of Mathematics 126 (1987), no. 3
pp. 525–576. 2, 2
[33] R. Harvey and H. B. Lawson, Jr., Calibrated geometries, Acta Mathematica 148 (1982),
no. 1 47–157. 2, 3
[34] E. Witten, Phase transitions in M theory and F theory, Nucl.Phys. B471 (1996) 195–216,
[hep-th/9603150]. 2, 9, 6.1
[35] K. Becker, D. Robbins, and E. Witten, The α′ Expansion On A Compact Manifold Of
Exceptional Holonomy, JHEP 1406 (2014) 051, [arXiv:1404.2460]. 2
[36] K. Becker, M. Becker, and D. Robbins, Kaluza-Klein Theories Without Truncation, JHEP
1502 (2015) 140, [arXiv:1412.8198]. 2
[37] K. Becker, M. Becker, and D. Robbins, M-theory and G2 Manifolds, arXiv:1507.01619. 2
[38] P. Svrcek and E. Witten, Axions In String Theory, JHEP 06 (2006) 051,
[hep-th/0605206]. 2
[39] E. Calabi, On Ka¨hler manifolds with vanishing canonical class, in Algebraic Geometry and
Topology, A Symposium in Honor of S. Lefschetz (R. H. Fox et al., eds.), pp. 78–89,
Princeton University Press, Princeton, 1957. 3
[40] S.-T. Yau, Calabi’s conjecture and some new results in algebraic geometry, Proc. Nat.
Acad. Sci. U.S.A. 74 (1977) 1798–1799. 3
[41] P. M. H. Wilson, The Ka¨hler cone on Calabi–Yau threefolds, Invent. Math. 107 (1992)
561–583. Erratum, ibid. 114 (1993), 231–233. 3
48
[42] Y. Miyaoka, The Chern classes and Kodaira dimension of a minimal variety, in Algebraic
geometry, Sendai, 1985, vol. 10 of Adv. Stud. Pure Math., pp. 449–476. North-Holland,
Amsterdam, 1987. 3
[43] Y. Nakai, A criterion of an ample sheaf on a projective scheme, Amer. J. Math. 85 (1963)
14–26. 3
[44] B. G. Mo˘ıˇsezon, A projectivity criterion of complete algebraic abstract varieties, Izv. Akad.
Nauk SSSR Ser. Mat. 28 (1964) 179–224. 3
[45] S. Kleiman, Toward a numerical theory of ampleness, Ann. of Math. (2) 84 (1966)
293–344. 3
[46] D. R. Morrison, Compactifications of moduli spaces inspired by mirror symmetry, in
Journe´es de Ge´ome´trie Alge´brique d’Orsay (Juillet 1992), vol. 218 of Aste´risque,
pp. 243–271, Socie´te´ Mathe´matique de France, 1993. alg-geom/9304007. 3
[47] T. Walpuski, G2-instantons on generalised Kummer constructions, Geom. Topol. 17
(2013), no. 4 2345–2388, [arXiv:1109.6609 ]. 3, 6.2
[48] E. Corrigan, C. Devchand, D. B. Fairlie, and J. Nuyts, First Order Equations for Gauge
Fields in Spaces of Dimension Greater Than Four, Nucl. Phys. B 214 (1983) 452–464. 3
[49] S. K. Donaldson and R. P. Thomas, Gauge theory in higher dimensions, in The geometric
universe, pp. 31–47. Oxford Univ. Press, 1998. 3
[50] M. Gromov, Structures me´triques pour les varie´te´s riemanniennes, vol. 1 of Textes
Mathe´matiques. CEDIC, Paris, 1981. edited by J. Lafontaine and P. Pansu. 3
[51] J. Cheeger and G. Tian, Anti-self-duality of curvature and degeneration of metrics with
special holonomy, Comm. Math. Phys. 255 (2005), no. 2 391–417. 3
[52] K. Intriligator, H. Jockers, P. Mayr, D. R. Morrison, and M. R. Plesser, Conifold
transitions in M-theory on Calabi–Yau fourfolds with background fluxes, Adv. Theor. Math.
Phys. 17 (2013) 601–699, [arXiv:1203.6662 ]. 9
[53] J. A. Harvey and G. W. Moore, Superpotentials and membrane instantons,
hep-th/9907026. 4.2
49
[54] M. Cvetic, R. Donagi, J. Halverson, and J. Marsano, On Seven-Brane Dependent
Instanton Prefactors in F-theory, JHEP 1211 (2012) 004, [arXiv:1209.4906]. 4.2
[55] R. Blumenhagen, A. Collinucci, and B. Jurke, On Instanton Effects in F-theory, JHEP
1008 (2010) 079, [arXiv:1002.1894]. 4.2
[56] M. Cvetic, I. Garcia-Etxebarria, and J. Halverson, Global F-theory Models: Instantons and
Gauge Dynamics, JHEP 1101 (2011) 073, [arXiv:1003.5337]. 4.2
[57] R. Blumenhagen, M. Cvetic, and T. Weigand, Spacetime instanton corrections in 4D string
vacua: The Seesaw mechanism for D-Brane models, Nucl.Phys. B771 (2007) 113–142,
[hep-th/0609191]. 4.2
[58] B. Florea, S. Kachru, J. McGreevy, and N. Saulina, Stringy Instantons and Quiver Gauge
Theories, JHEP 05 (2007) 024, [hep-th/0610003]. 4.2
[59] L. E. Ibanez and A. M. Uranga, Neutrino Majorana Masses from String Theory Instanton
Effects, JHEP 03 (2007) 052, [hep-th/0609213]. 4.2
[60] T. Vachaspati and A. Achucarro, Semilocal cosmic strings, Phys. Rev. D44 (1991)
3067–3071. 4.2, 5.3
[61] B. S. Acharya and C. Vafa, On domain walls of N=1 supersymmetric Yang-Mills in
four-dimensions, hep-th/0103011. 4.2
[62] H. Georgi and S. L. Glashow, Unified weak and electromagnetic interactions without
neutral currents, Phys.Rev.Lett. 28 (1972) 1494. 5.1
[63] G. ’t Hooft, Computation of the Quantum Effects Due to a Four-Dimensional
Pseudoparticle, Phys.Rev. D14 (1976) 3432–3450. 5.1, 5.1
[64] C. Csaki and H. Murayama, Instantons in partially broken gauge groups, Nucl.Phys. B532
(1998) 498–526, [hep-th/9804061]. 5.1, 5.1
[65] A. Belavin, A. M. Polyakov, A. Schwartz, and Y. Tyupkin, Pseudoparticle Solutions of the
Yang-Mills Equations, Phys.Lett. B59 (1975) 85–87. 5.1
[66] I. Affleck, On Constrained Instantons, Nucl.Phys. B191 (1981) 429. 5.1
[67] M. R. Douglas, Branes within branes, hep-th/9512077. 5.1, 14
50
[68] A. A. Penin, V. A. Rubakov, P. G. Tinyakov, and S. V. Troitsky, What becomes of vortices
in theories with flat directions, Phys. Lett. B389 (1996) 13–17, [hep-ph/9609257]. 5.3
[69] A. Gorsky and M. A. Shifman, More on the tensorial central charges in N=1
supersymmetric gauge theories (BPS wall junctions and strings), Phys. Rev. D61 (2000)
085001, [hep-th/9909015]. 5.3
[70] S. H. Katz, D. R. Morrison, and M. R. Plesser, Enhanced Gauge Symmetry in Type II
String Theory, Nucl.Phys. B477 (1996) 105–140, [hep-th/9601108]. 6.1
[71] B. S. Acharya, M theory, Joyce orbifolds and superYang-Mills, Adv. Theor. Math. Phys. 3
(1999) 227–248, [hep-th/9812205]. 6.2
51
